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Abstract

This paper aims is to find out the fixed points for two mappings in G - dualistic partial metric space with the help of graph by
using G - Convergence Comparison Property (G - CCP). An application is also given to find fixed point with the help of

boundary value problem.
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1 .Introduction

In 1922, a vital research in fixed point
theory is due to Banach, see [7] who gave
Banach’s contraction principal.After this
many extensions had appeared in the literature
see [4, 20].
In 1992, the concept of partial metric space was
given by Matthews[14]. Partial metric space
just replaces one condition of usual metric
space i.e self distance not necessarily zero.The
concepts like how to find convergence of
sequences , cauchy sequences , completeness of
spaces , etc can be seen in [1, 10, 11, 14, 18,
19]. In 1996, Neil [15] developed the idea of
Dualistic partial metric space(DPMS) and
established the relationship between dualistic
and partial metric space. In partial metric
space(PMS), range is restricted to non negative
real numbers , but in dualistic partial metric
space range is extended from non - negative real
numbers to set of real numbers i.e R. He found
many properties of topological space and
axioms of DPMS . Oltra and Valero [16]
established the concept of fixed point in
DPMS.Nazam et al.[8] gave the concept of
rational type contractive conditions of fixed
point.Recently Nazam et al.[9]initiate the view
of fixed point in dualistic metric space and
found an application with the help of boundary
value  problem in DPMS.Jachymski
[6],introduced the concept of graphs in the area
of fixed point and proved many results of fixed
point theory by using concept of graphs.

Motivated by[3, 6, 13, 17] ,we obtain fixed
points for two mappings in G - dualistic partial
metric space with the help of graph by using G
- Convergence Comparison Property(G - CCP).
An application is also given to find fixed point
with the help of boundary value problem.Firstly
we present some definitions related to graphs
see in [5, 6, 7, 12]. Throughout this paper, the
product of AxA  (which is diagonal ) is
represented by A where A # ¢.Choose G as a
graph,where set of vertices are indicated by
V(G) coincides with A, and E(G) contains
loops as well as edges. Thus a pair G = (V(G),
E(G)) represents a graph. Let G "! represent a
change in G i.e E(G "Y)= {(w,v)|(v,w) €EE(G)}
and G indicates an undirected graph from G ,
when the direction of the set of edges is not
considered .

Thus E(G) UE(G 1) = E(G)

2 .Definitions and Preliminaries

Definition 2.1. Consider a graph G = (V, E),
V(G) = A, E(G) = { (uv)e AxA } a pair (A,
d) defined on A # ¢ is termed as G - Metric
space if d: AxA — [0,00) met the following
postulates:

(d1) d(u,v) = 0 and d(u, v) = 0 iffu = v,

(d2) d(u,v) = d(v,r),

(d3) d(u,w) < d(u,v) + d(v,w)

forallu, v, w €E(G)

Then the pair (A, d) termed as a G - metric
space.

! Research Scholarl , Department of Mathematics, M.D.U, Rohtak, 124001,(HR), India

E -mail: neerajrewariya78@gmail.com 1, *

Professor2, Department of Mathematics, M.D.U, Rohtak, 124001, (HR), India

E-mail: sberwal2007 @gmail.com?2

International Journal of Intelligent Systems and Applications in Engineering

IJISAE, 2022, 10(1s), 363-375 | 363



Definition 2.2 [14]. A pair (A, P) on A= ¢ is
said to be a partial metric space if

P: AxA - [0, o) satisfies the following
axioms:

(P1) P(u,u) = P(u,v) = P(v,v), iffu=v,
(P2) P(u,u) < P(u,v),

(P3) P(u,v) = P(v,u0),

(P4) P(u,w) + P(w,w) < P(u,w) + P(w,v)
vu,v,winA

Then a pair (A, P) termed as a partial metric
space(PMS).

Neil[15] did a remarkable change in definition
of PMS.He extended the range from|[o, o) to R.
This leads us to metric space which is DPMS .

Definition 2.3 [9] A pair (A, D) on A= ¢ is
termed as dualistic -partial metric space if
D:AxA - R satisfies the following axioms:
(D1) D(u,u) = D(u,v) = D(v,v) &V =u,
(D2) D(u,u) < D(u,v),

(D3) D(u,v) = D(v,w),

(D4) D(u,v) + D(w,w) < D(u,w) + D(w,v)
forallu,v,weA

Then a pair (A, D) termed as a DPMS.

Remark. Any PMS =DPMS but DPMS#
PMS. We give an illustration in support of our
remark.

Example 2.4. Consider a map D: [—4,4] X
[—4,4] — R defined as max(v,w)= D(v,w)

Vv v,w €[-4,4]. We observe that D satisfies all
the axioms of DPMS i.e (D1) to (D4).Thus D
is a DPMS. On the other hand, we see D is not
PMS due to D(-1,-2)= -1 i.e not in the set of
non - negative real numbers.

Neil[15] showed that any dualistic patrial
metric space (A, D) generates a topology
(which is T, topology) U(D) on A and possesses
a base along with a family of D - balls
{Bp(v,u):v € A,u >0} and Bp(v,u) = {we A:
D(v,w) <u + D(v,v)}.

To obtain more information related to concepts
like convergence , cauchy sequences
completeness of DPMS in [9].

Definition 2.5. Consider a DPMS (A, D)
where A = ¢ . If we establish DPMS on

E(G) = {(v,w) )e AxA } structure of graph G
=(V,E), V(G) = A, then the new structure is
called a G -DPMS i.e D:AxA - R met the
following axioms:

(D1) D(u,u) =D(u,v) =D(v,v) U=y,
(D2) D(u,u) < D(u,v),

(D3) D(u, v) = D(v,u),

(D4) D(u,v) + D(w,w) < D(u,w) + D(w, V)
v u, v, w €E(G) Then a pair (A, D) termed as
a G - DPMS.

If (A, D) is a G - DPMS and a mapping #p:
AxA - [0, ) given by

D(v,w) - D(v,v) = £p(v,w), v, weE(G) is G -
quasi metric space(define on graph (V, E) = G
)with U(D) = U(£p).Furhter if £pis G - quasi
metric space implies €5 (s,t) = max{ £p(v,w) ,
Ip(w,Vv)} is G -metric space(define on graph
(V,E)=G.

Example 2.6 .Define a function D:AxA —» R
as D(v,w) = P(v,w) - P(v,v) - P(w,w), where

A =[-5,5], P is PMS on non empty set A. Thus
(A, D) is G -DPMS with a graph (V, E) = G,
E(G) = { (v,\w)€ [-5,5] X [-5,5] } contains
loops and V(G) = [-5,5]. Thus a couple (A, D) is
a

G - DPMS.

Definition 2.7. Consider a G - DPMS, (V,E) =
G represents the graph and E(G) represents a
set of edges and A = V(G), where A # ¢,
then

(1) A sequence { v,, } in G -Dualistic partial
metric space G - DPMS converges to point v
such that (v, , v) in E(G) iff D(v,v) =
lim, ., D(V, vy).

(2) A sequence { v, } in G -Dualistic partial
metric space(G -DPMS) called cauchy with (v,
,V)in E(G) and lim,,_, o, D(Vyy, V) €Xists as well
as finite.

(3) A G -DPMS (A, D) is termed as a complete
space if we take any sequence { v, } which is
cauchy in G -DPMS converges w.r.t (D) and
D(vy, , vin) = D(v,v) asm, n — oo for any

(Vy » Vi) in E(G) .If we take [0,00) in place of
R then the Definition 2.5 reduces to G - partial
metric space and consequently Definition 2.7
holds for G - partial metric space.

Definition 2.8 [2]. Suppose that (A, D) isa G -
DPMS with agraph G = (V,E), A= V(G),
¢ #A , E(G).contains loops. Then the map A
from G - DPMS to itself is called a graph
preserving map if (v ,w) in E(G) implies ( A(v),
AW)) in E(G).

Definition 2.9. Suppose that (V.E) = G
represents the graph where E(G) contains
loops ,
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V(G) = A, A+ ¢. A graph preserving mapping
on G - DPMS (A, D) is termed as G -
Convergence Comparison Property (G - CCP)
if

(1) A sequence { v, } which converges to v
such that (v,, , v) in E(G).

(2) D(v,v) < D(A(V),A(v)), where (v,v), (A(v),
A(V)) in E(G).

Example 2.10 Consider A = R and D:AxA—
R defined as D(v,w) = max{v,w} endowed
with a graph G = (V, E) where E(G) is {(v,w)
€ AxA }isa G - DPMS. We observe A is a
graph preserving map. Let { v, = % -2,nis
natural number }, we observe that { v,, }
converges to

2.

Let A(v) = eV whenever (v,v) in E(G) . Now
D(—2,-2) < D(A(v),A(v)). Thus A satisfies
all the conditions of G - CCP.

The following lemma is useful for our
upcoming results.

Lemma 1[16].

(1) A (DPMS) (A, D) is complete < metric
space (A, ;) is complete.

(2) A sequence v,, in A convergestos € A w.r.t
U(£h) iff D(Vpy ,vy) = D(V,V) = D(V ,vy,)

as n,m — oo,
3 .Main Results

Theorem 3.1. Consider a complete G - DPMS
(A, D) along with agraph G = (V,E), A =
V(G), E(G) possesses loops also, A,B be self
mappings on (A, D) satisfies the conditions
given below:
(1)The pair (A, B) satisfies G - CCP property.
(2)The pair (A, B) preserves the edges of E(G).
ForaA € [0,1) such that
ID(A(),B("))| < A max {|D(w,B(w))[} V
v,w €A and (v,w) in E(G) then A , B possess
the fixed point.
Proof. Consider a sequence v, and an initial
term v, with (v, , vo) in E(G) with v, = A(vp_;
) true for any natural number n. We also
suppose that this assumption is also true for the
map B.If 3 v, = vy 41 = A( vy,) = B(vp,)
implies v, satisfies A( vy,,) = B(vy,) = vy, -
Now we gonsider Vp # Vpyeqp SUCh that (v,
Vn+1)€E(G)

By contraction condition (2), we obtain

|D(an Vn+1)| =

ID(AGn 1), B(v)) <[Amax {[D(vn_1, Avn_1))

}

Amax{ID(Va_1,va)l, ID(Va Vs )}
(3.1)

Thus |D(vy, V1) < A max

{lD(Vn—lv Vn) |: |D(Vnr Vn+1) |}
(3.2)

If [D(vp, vpr D] =
max{|D(vy—1, Vo), ID(Vp, Vo) [}
(3.3)
Then we observe that from (3.2), we get
contradiction. Therefore we must have

ID(Vp, Vo)l <
AD(vp_1,vp)l (3.4)
|D(Vn—1rvn)| = |D(A(Vn—2):B(Vn—1))| <
Amax{|D(vp_z, Vp-1)|, ID(vh—1, v} (3.5)
Continuing in this way,

max {lD(Vn—Z:Vn—l)l: |D(Vn—1; Vn)l} =
|D(Vn—2:Vn—1)| (3-6)
We observe (3.4) leads to

|D(anvn+1)| <
)\ZlD(Vn—Z:Vn—l)l
In similar way , we obtain
|D(Vnrvn+1)| <
(3.8)

3.7)

A"[D(vg, vy)l
Now consider
ID(vp, V)| =

|D(A(vn_1), B(Vn_l))| < Amax
{IDVn-1, v, ID(Vp—1, v [}
By (3.8) we get

ID(Vn, V)| < A D (v, Vo)l

(3.10)
We use the condition #p(v,w) = D(v,w) -
D(v,v), we obtain

gD (Vnr Vn+1) + D(Vnr Vn) <
|D(Vn: Vn+1)| (311)
From (3.8) and (3.10) we get

‘ED(VI‘U Vn) S an|]:)(VO) VO)l

(3.12)
For m> n, we get
1?D (an Vm) < fD (Vn: Vn+1) + fD (Vn+1vVn+2)

+ -+ (Vin—1, Vi)

< 2A"|D(vy, v1)I
+ 2A"*1|D(vy, vy)|
+ et +2)\m_1|D(V0,V1)|
< 2" + - 4+ A" DD (vg, vy)

An(l_}\n—m)
<2 (3.13)

Now letting n,m — oo implies £, (v,w) = max

(3.9)
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{4p(v,w),fp(w,v)} tends to zero , implies { v,
} is asequence which is cauchy in (A, £5) . Also
, (A, D) isa G - DPMS which is complete so by
using (1) of Lemmal (we use this lemma
because proof of this lemma is also obtained on
the structure of graph and proof is same as given
in Lemmal) (A, £5) is G - complete metric
space. So 3 vin (A, £;) with { v, } > vasn
— o i.e ¢p(vy,v) = 0 and by using (2) of
Lemmal, inequalities (3.10) and #p(v,w) =
D(v,w) - D(v,v), we write

D(v,v) = D(vy, V) =
D(vp,vim) =0 (3.14)
asnand m - oo .Thus v, is a sequence which
is cauchy also converges to v .Now we show
here v. = A(v) = B(v). Using contraction
condition of this theorem
ID(va, B™)| = [D(A(vy_1), BW)| <
A max {|D(Vn_1, A(Vn_l))l, |D(V, B(V)) |}

(3.15)
for n - |D(Vn,B(V))| < |D(V,B(V))|
=D(v, B(v)) =0and B has G - CCP , we obtain
0 = D(v,v) < AD(B(v),B(v)) + D(B(v),v) —
D(B(v),B(v)) (3.16)
By using D(4) property of G - DPMS, D(v,v)<
D(v ,B(v)) - D(B(v),v) - D(B(v) ,B(v)), we
obtain

D(B(v),B(v)) <0  (3.17)
From (3.16) and (3.17) D(B(v),B(v)) = 0 and
D(v, B(v)) = D(B(v) , B(v)) = D(v,v).
This implies v = B(v) i.e s is fixed point for B .
Now we show that v = A(v). Now consider,
ID(A(v), V)| = [D(A(V), B(vy-1))| <
Amax{|D(v, A())|, [D(vn-1, B(vn-1)[} (3.18)
As we have used the steps for fixed point for B
Similarly it is used for mapping A.
1.

Consequently we get v = A(v) . Thus A(v) =
B(v) = v. Now uniqueness let t be another fixed
point for A and B and D(w,w) = 0 and A(w) =
B(w) = w.

ID(v,w)]| < A maX{|D(V, A(V))l,
[D(w, B(w))[} = D(v,w) = D(v,v) = D(w,w) =
0=>v=w.

Corollary 3.2. Consider a G - complete partial
metric space (A, D) occupied a graph
(V,E)=G ,A=V(G), A B are two self maps
from (A, D) to itself then

D(A(V),B(w)) < A max{D(v,A(Vv)),
D(w,B(w))} forall v,w €A, A € [0,1) and (v,w)
in E(G) implies A, B possess a fixed point.

Proof. If we restrict G - DPMS ranges from set
of real numbers to non - negative numbers then
G - complete dualistic partial metric space
becomes G - complete partial metric space
consequently proof of Corollary 3.2 is obtained
by same steps of Theorem 3.1 .

Example 3.3. Let (V,E) = G be a graph choose

[0,1]1 = A, V(G) =[0,1] and

E(G)={(v,w)e [0,1] x [0,1]}, D:AXA -

R given as D(v,w) = max{v, w} is a

G -complete DPMS. Now we define the maps

as A(v) = > and B(v) = g both these maps are

graph preserving and satisfies G -CCP for the
1 .

sequence { v, } = — converges to 0, (v ,0) in

E(G) and

also satisfies contraction condition of above

Theorem 3.1 for A = %. Thus 0 = A(0) = B(0),

see in figure
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Figure 1: Graph of a fixed point of A and B

Example 3.4. Suppose (-o0, 0] = A and (V,E)=
G isagraph, V(G) = (-0, 0] where
E(G) = {(v,\w): € AxA }. A map D: (—o0, 0] x
(=0, 0] = R defined as,
DV, W) = {lV—Wl, VEW

VAW, V=W
Let A denotes the supremum of v and w. So (A,
D) is G - dualistic partial metric space as well
complete .Consider the maps A and B as, B is
a zero map and A is defined as

(=1, Vv € (—o0,—4]

A(V)‘{ 0, veE(40]

Also both the maps are graph preserving and
satisfies G - CCP property . For this let us

consider the sequence { v, = %1}. Thus { v, }

is cauchy sequence which converges to 0 in (A,
D) and
(vy ,0) in E(G). Also we have D(A(0),A(0)) >

D(0,0) and D(B(0),B(0)) = D(0,0), both the
maps satisfies G -CCP. For the contraction
condition of our theorem , let A :Z' We discuss
the following cases hold
Case (). (1) v #w and v,w € (—4,0] we get
|D(A(V), B(w))| =0

2 v #w and vw € (—o0,—4],
[D(A(v),B(w))| = 1 < amax{|D(v,A(W))|,
[D(w, Bw))[3
(3) if we take v #w and w € (—4,0] and v €
(—o0,—4] and conversely the contraction
condition is also hold.
Case (b). (1) for v = w € (—4,0] then
ID(A(v),B(w))| = 0 and when v = w €
(—o0, —4], contraction condition also holds. we
observe that w = 0 is fixed point for the map A
and B. Now we represent a table for A = % which

evaluates the contraction condition of theorem
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Contraction table for Aand Band A ==

3
4

(v, w) [D(A(V) , B(wW))] Amax{|D(v, A\V))| ,[D(w, B(wW))[}
(0,0 0 0
(-1,-1) 0 31
4

(-1,-2) 0 39
4

(-10,-10) 0 310

(-4 ,-3) 1 23
4

(-2,-1) 0 322
4

(-1, -3) 0 3 3
4

(-1,-0.1) 0 31
4

(-3,-3) 0 2.3
4

Theorem 3.5. Consider a G - Complete
dualistic partial metric space (A, D) and (V,E)
= G represents a graph with V(G) = A,

E(G) contains loops and A, B are self
mappings on (A, D) met the following
postulates:

(1)The pair (A,B) satisfies G - CCP property.
(2)The pair (A,B) preserves the edges of E(G).
If there is 0 <c,e,i and c+e+i < 1 such that
|D(A(V), B(w))| < ¢ |Dvyw)|+ e
|D(W,A(w))| + i|D(V,B(V))| v v,w €A and
(v,w) in E(G) implies A , B possess the fixed
point.

Proof. Consider a sequence v, and an initial
term is v, with (v, , vo) in E(G) with v, =
A(vy_7 ) true for any natural number n. We also
suppose this assumption also true for the map
B.If there 3 v, = v 41 = A( vy,) = B(vp,)
implies v, satisfies A( vy,) = B(vp,) = vy
Now we consider

Vg # Vppq Such that (v, vpyi) €EE(G) By
contraction condition (2) we obtain

0"

|D(Vnr Vn+1)| = |D(A(Vn—1):B(Vn))|
< ¢|D(vp-1,Vn)l
+ e|D(vn_1,A(Vn_1))|
+1|D(vp, B(vy)|
= |D(vp, V41| <
2D Va1, Vo) (3.19)

ct+e

LetA = 7550 that 0 < A <1 and repeating the
above procedure , we get

|D(Vn; Vn+1)| S
A"[D(vo,v)|  (3.20)
For self distance,we obtain
ID(vp, vl <
c|D(vp—1, Vo] + (e + D) [D(vp_y1, vn)| (3.21)
with the help of (3.18), we write
ID(vp, vl <
c|D(Vy-1, Vp-1)| + (e + DA D(vg, v1)I
(3.22)

ID(A(Va-2), B(vn-2)))|
< ¢|D(vp—2, Vn-2)|
+ elD(vn_Z,A(vn_z))|
+ i|D(Vn_2, B(Vn_z))|

cID(Vp-1, Va-1)| + (e + DA "2|D(vy—y1, Vi)
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(3.23)
Where ID(A(vh—2), B(vn—2))|
ID(Vy—1,Vn—1)|. From (3.22) we obtain
|D(A(Vn—2):B(Vn—2))| < c"[D(vo, vo)l +
(€™ 1+ "I+ -+ A (e + 1) |D(vg, vyl
(3.24)

ID(A(v4), B(vy))| < c™|D(wg, wo)| +

AR—c? :
—— (e +1)ID(vo, vy)| (3.25)

We use the condition #p(v,w) = D(v,w) -
D(v,v),we get

‘BD (Vnr Vn+1) <
ID(Vn, Vi+1)| = D(vi, vin) < [D(Vy, vipia)| +
ID(vy, Vi)l (3.26)
Also,|D(vy, vy 1) [+|D(vy, vi)| nS .
A" (v, v)+¢ "+ [D(vo, vy) |+
ID(vo, vl
And, ——(e+i)[D(vo, v)| <"+

An_ch

(e+i)5=)ID(s0, vi) I+ ¢ "D (v, Vo)
on solving the last above inequalities we write
AP+ 14cA" 24 +¢ )| D (v, vy)|
+s " 1D (v, v4)
Let y'=2A"+A%"1 A2 + .. 4
ch1 (3.27)
then we obtain

(e+i)

Al—ch

ID(Vp, Vpy) | S ¥V +
ID(vo,v1)| + u®|D(vg, vyl (3.28)

For m > n . let us solve the inequality
gD (Vnr Vm) < {)D (Vn' Vn+1) +
[D (Vn+1r Vn+2) + e +eD (Vm—lv Vm)
< Y"ID(vg, vi)| + c*[D(vo, vy)|
+ Y"1 D (vo, v |+.. +c* 1D (v, vo) |
<@y"+
Yo +ymi4 ) D(vg, vl + (€™ +
Ml +c™ 14 ) D (v, vyl
n n
< (555 + a=g) IDGsor 50|
(3.29)

Letting m,n - oo, implies £ (vy, vin) = 0.Also
, (A, D) is a G - dualistic partial metric space
and complete also so by using (1) of Lemmal
(we use this lemma because proof of this lemma
is also obtained on the structure of graph and
proof is similar as given in Lemmal) (A, £3) is
G - complete metric space . So 3 s in (A, #})
with v, converges to v i.e #p(vy,,v) =0,as n —
o along with (v ,,v) in E (G). So by (2) of
Lemmal,using (3.25) and £p(v,w) = D(v,w) -

D(v,v),we can write, D(v,v) = D(V y,, V)= D(V 4,
Vp)=0asm,n— oo,
ID(va B)| = [D(v-s, B)|

< c|D(vp_1,8)| +
e|[D(Vn-1,A(Va-1))| +i[D(v,B(V))|  (3.30)

Taking limitasn — oo , and B has G - CCP,we
obtain |D(v,B(v))| = 0.
0 = D(v,v) < D(B(v),B(v))
(3.31)

Now we use (D2) property

D(B(v),B(v)) < D(v,B(v))
(3.32)

From 3.31 and 3.32 we obtain D(B(s),B(s)) =0

D(V,B(v)) =
D(B(v), B(V)) = D(v,v) (3.33)

Now by (D1) we obtain v = B(V).

ID(A(V), vi)| =
ID(A(V), B(vn-1)))|

<

¢|D(V,vp-1)| +e|D(v,A(V))| +
i|D(Vn-1, B(Vn-1))| o (334)
Taking limit as n — oo and A has G -CCP,we
obtain |D(v, B(v))| = 0.
As we have used the steps for fixed point for B
sSimilarly it is used for mapping A.
Consequently v is also fixed point for A. This
implies v = A(v) = B(v).

Corollary 3.6. Consider a G - complete partial
metric space (A, D) occupied a graph
(V,E)=G, A=V(G), AB are two self maps
from (A, D) to itself then

D(A(v),B(w)) < c D(v,w)+ e D(v,A(V))+i
D(w,B(W)) V vw €A, 0 <c,e,i and cte+i <1
, (v,w) in E(G) implies B, A possess a fixed
point.

Proof. As if we restrict G -DPMS ranges from
set of real numbers to non - negative numbers
then G -complete dualistic partial metric space
becomes G - complete partial metric space
consequently proof of this Corollary is obtained
by same steps of Theorem 3.5.

Example 3.7 Suppose that (V,E) = A is a graph
and A =[0,1],V(G) = [0,1] further

E(G)= { (vvw)e AxA } consider a map
D:[0,1] x [0,1] » R defined as D(v,w) =
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max{v,w} A

Vv v,w €[0,1] is a G -complete DPMS. Now we
define the maps on [0,1] to itself as A(v) = § and
B(v) = %, both these maps are graph preserving
and satisfies G -CCP for the sequence { v, } =
% converges to 0,(vy ,0) in E(G).Now

p(a).2 ()
e|D<v,A(§))|+i

<c|D(v,w)|+

o (w8 (3)-

I<
3

1 1 1
—VA=V+HW,
4 5 6 1 1 1

. Vv .
Thus we observe that % < JVHov+w, since s
greater than ‘—6’ and v and w behave same.Thus,

A and B satisfies contraction condition of above
theorem for some c,e,i which is non -negative
and their sum is less than one. So, A and B has
a fixed point say zero.We have a graphical
representation of this example which is given in
figure 2 on next page

Alv) = v/3 if ve[0,1]
—— B(v) = vi6 if ve[0,1]
VEW

09r

0.8

0.7 1

0.6

0.5

w-axis

04 r

0.3

0.2

0.1

0.5
v-axis

Figure 2: Graph of a fixed point for A and B

Example 3.8 Suppose
{0,—1,-0.3,—0.1,—2,—3} = A along with a
graph (V,E)= G,
A =V(G), {(vw): vwe A xA }= E(G). Let us
define the map D:AxA — R as we define in
Example 3.4 .Consider the map A: A-A
defined as A(v) =
~-1, ve{0,-1,-03,-2,-3)
—-0.3, v=-2
—-0.1, v= -3

and B: A—A defined as B(v) =

~1, ve{0,-1,-03,-0.1—2,-3}
- 0'3 ) vV = _2
_0'31 v= -3

Both the maps are graph preserving and
satisfies G -CCP property i.e for a convergent
sequence v,, converges to v due to completeness
of (A,D) and (v, , v) in E(G). So we write
D(A(V),A(v)) = D(v,v) and D(B(v),B(v)) =
D(v,v). The table given below evaluates the
contraction condition for two mappings.
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Contraction table for two maps A and B

(v, w) ID(A(V) , B(w))| CID(v ,w)| +e [D(v ,A(V))l+
i | D(w ,B(w)|
(0,0 0 0
(0,-1) 0 CHi
©,-2) 0.3 2c+ 1.7i
©,-3) 0.3 3c+ 2.7i
0,-0.1) 0 c.0.1+0.1i
(-1,-2) 0.3 c+e+l.7i
(-1,-3) 0.3 2c+e+2.7i
(-1,-0.1) 0 0.9c+e+0.1i
(-1,-0.3) 0 0.7c+e+0.3i
(-1,-1) 0 cte+i
(-2 -2) 0.3 2c+1.7e+1.7i
(-2,-3) 0.3 c+1.7e+2.7i
(-2,-0.3) 0.3 1.7c+1.7e+0.3i
(-2,-0.1) 0.3 1.9c+1.7e+0.1i
(-3,-3) 0.2 3c+2.9e+2.7i
(-3,-0.1) 0.1 2.9¢+2.9e+0.1i
(-3,-0.3) 0.1 2.7c+ 2.9e+0.3i
(-0.1,-0.1) 0 0.1(ct+e+i)
(-0.3,-0.3) 0 0.1(c+e+i)

Theorem 3.9 Consider a G - Complete
dualistic partial metric space (A, D)along with
agraph (V,E)= G with A = V(G) , loops are
contained by E(G) and A,B are self mappings
on (A,D) satisfies the conditions given below:
(1)The pair (A,B) satisfies (G -CCP) property.
(2)The pair (A,B) preserves the edges of E(G).
If there is, 0 <c,e,i and c+e+i < 1 such that

|D(v,A(v)).D(w,B(W)|
<
ID(A(V)),B(W))| < ¢ ID(v,w)]

e|D(w,B(w))| + iID(v,w)| V v, we A and
(v,w) in E(G) then B, A possess a fixed point

Proof. Consider a sequence v, and an initial

term v, with (v, , vo) in E(G) with v, = A(v,_;
) true for any natural number n. We also
suppose that this supposition is also true for the
map B.If 3 v, = vy 41 = A( Vn,) = B(vp,)
implies v, satisfies A( vy,) = B(vy,) = Vn
.Now we consider
Vy # Vpeq SUch that (v, vpei) €E(G) . By
contraction condition (2)
ID(Vn, Vns1)| = [D(A(Vn-1), B(vy))|
<

|D(Vn—1ﬂA(Vn—1))|-|D(Vn vB(Vn))|
¢ ID(Vn—1,vn)| *
e|[D(vn, B(vn))| +i[D(vn_1, Vn)|

i
< l-c—e ID(Vy—1, V)l

0

(3.35)

i

Now we choose g = ID(vyp—1, vl < 1

1—-c—i
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then we get

ID(vyy, V41| < 2ID(vpq, V)| <

$?ID(Vp_z, Va_1)| < -+ < 9D (vo, vyl
(3.36) ID(Vn, Vn)| =

ID(A(Vn-1), B(vn—1)|

_ . ID(vn-1,vn)|-ID(Vn-1,Vn )|

=c +
[D(Vn-1,Vn-1)|
elD(Vn—l'Vn)l + ilD(Vn—l' Vn—l)l (337)
D(vVn-1,vn)

We observe > 1, so we write

D(vp-1,vn-1)
|D(Vn' Vn)l < CID(Vn—l'Vn)l + elD(Vn—li Vn)l
+iD(Vp—1, V-1l
=(cte)p™ !+
iID(Vp-1, Vn-1)1(3.38)

Continue in this manner we obtain
ID(Vn-1,Va-D)| < (c+
)" 2ID(vo, v)| +1ID(Vq_2,vn_2)|  (3.39)
From (3.38) we write
ID(v, vi)| < (c +
(9" + ") ID(vo, v +
i?|D(Vn_z, Vn—2)| (3.40)
Proceeding in this way
ID(vi, vi)| < (c +
e)(P" 1 +ip" 2+, +i" D) |D(vy, v | +
i"|D(vg, vo)|
<(c+
:n—-1_,n—-1
©) (=522—) ID(vo,v)| + I"ID(vo, vo)|
(3.41)
By using this relation i.e #p(v,w) = D(v,w) -
D(v,v), we obtain
‘BD (Vn; Vn+1) <
|D(an Vn+1)| + |D(Vn: Vn)l
< 9" ID(vo, v)| + (c+

in—-1_,n—1
&) (F=2=) ID(o, Vo)l + " D(vo, vo)|
S (P "+ p " +ip" 3+
o4+ i072)|D(vg, vi)| +i%D(vy,vo)|  (3.42)

gD (Vn' Vn+1) <
Y ID(vg, v)| + 1D (vo, Vo)l (3.43)
. When m > n we obtain
1{)D (an Vm) < {)D (Vn: Vn+1)
+ -+ (Vi1 Vi)
< Y"|D(vg, v1)| +i"[D(vo, vo)|
+y" D (v, vl + -+
+i™7 D (vo, Vo)l
S (yn +yn+1 + "'+

Yo D) [D(vg, v + (" + i+ 4
im=1)|D(vy, vo)|(3.44)

We conclude that as mn — oo we get
fp(V v and €p(V vV y) = 0. Thus {v, }
is cauchy sequence in (A, #5).The remaining
part of this theorem is done by same as Theorem
35.

Corollary 3.10. Consider a G - complete
partial metric space (A, D) occupied a graph
(V,E)=G,A=V(G) and A, B are two self
maps from (A, D) to itself then

D(v,A(v)).D(w,A(w)
DAW).BW) <c X ng_v(v) )i ¢
D(w,B(w))+iD(v,w) V vw € A, 0 <c,e,i,and
c+e+i < 1 and (v,w) in E(G) and then A , B
possess a fixed point.

Proof. Since if we restrict ranges of G - DPMS
from set of real numbers to non - negative
numbers then G - complete dualistic partial
metric space becomes G - complete partial
metric space and proof of this Corollary is
obtained by same steps of Theorem 3.9 .

Example 3.11. Suppose (V,E) = G is a graph
choose [1,4]= A, [1,4] = V(G) and

E(G) = {(v.w)€ [1,4] x [1,4]}, consider the
function D:AxA — R defined by

D(v,w) = max{v,w} is a G -complete DPMS.
Now we define the maps on [1,4] to itself as
A(v) = vv and B(v) = v 2 both these maps are
graph preserving and satisfies G -CCP for the

sequence { v, } = % + 1 converges to 1,(v, ,1)
in E(G).
[(D(V,A(v)).D(w,B(w))|

ID(A(v),B(w))| < ¢ Ty +
e|D(w,B(w))| +i|D(v, w)]| (3.45)
Now,

(7, w?)] <
1|(D(VAV).D(V,W?)| 1 1
PR T— +Z|D(W,W2)| +E|D(V,W)|

(3.46)
Since all the elements are non - negative and

v 2 greater than +/v on [1,4] , v and w behave
same on [1,4] and solving (3.46) we obtain
vZ <~ w2wZewThus A and B fulfil
entire conditions of theorem(3.10) so A(1)=
B(1) =1, seein figure 3 .
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Figure 3: Graph of a fixed point for Aand B

4 .Application

This portion includes an application of
Theorem 3.1 i.e with the help of Theorem 3.1
we find a solution for boundary value problem
defined on [0,1] given below

D(v,p) = [Iv=plle + k=
SUPwepo,1[V(W) —pW)| +kke€R  (4.3)

We observe that (A, D) is G - DPMS which is

complete and the mappings A,B: A—»A given
y"” (w) = h(w,v(w)),v(0) = by

v(l) =0 (4.1)

fol G(w,a)h(a,v(a))da =

y" (W) = j(w,v(w)),v(0) = Av(w) (4.4)
v(1) =0 (4.2)
1 . _
where h,j:[0,1] x R - R are continuous map. By(w) (fz SG)(W' 2)j(a v(a))da =

A green function for the boundary value
problem (4.1)and (4.2) is given by i.e denoted
as G and defined as

_(w(l-2a), 0 <w<a<l1
G(t'a)_{au—w), 0 <a<wc<l1

A space of all continuous functions on [0,1] is

represented by C[0,1] . Consider

A =(C[0,11,R),V(G) = A, E(G) = {(vw) €
AxA } along with a mapping D:AxA - R is

given by

where w in [0,1], and (4.1) and (4.2) possess a
solution & A and B possess a fixed point.

Theorem 4.1. Consider A = (C[0,1],R),V(G)
= A, E(G)={(v,w) eAxA }and the two
maps which are graph preserving and satisfies
G -CCP, A, B: A-A defined as

fol G(w,a)h(a,v(a))da =
Av(w) (4.6)
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fol G(w,a)h(a,v(a))da =
Av(w) (4.7)

where h,j:[0,1] x A— R are continuous map
and v(w) defined in such way

D(v(w),v(w)) <D(A(v(w)),B(v (w))) also these
two mappings satisfy the inequalities

) enb
In(w,v) = j(w, p)l < 8 (log"-) (4.8)
for any w in [0,1], v.a in A and b =

{ID(v,A(v)),D(p,B(p)|} = (4.1) and (4.2)
has a solution.

Proof. Choose z(w) in ( C2[0,1], R ) as a

solution for (4.1) and (4.2)  z(t) in A a

solution for (4.6) and (4.7) . Solution for (4.6)

and (4.7) are obtained through fixed point of A

and B.Choose s, p in A and w in [0,1] we get ,
|Av(w) — Ba(w)| =

| [ G(w,a)[h(a, v(a)) — j(a,y(a))]dal

< [, G(w,a)[|h(a, v(a)) -
j(a p(a))|da]

<

8 (fol G(w,a) (lo_g$) da)

8 (log%) (supwe[o’l] [f01 G(w, a)da]) (4.9)

2
Since fol G(w,a) = % - V? =2 forany v

8
in [0,1] , we obtain
ID(A(p)) -~ D(B(M)| =
SUPweo,1]|Av(w) — Bp(w)| + k < sb
s(max(|D(v,A(v),D(p, B(p))])) (4.10)
Where k = logm.Thus by with the help of
Theorem 3.1, A and B has atleast one fixed

point say z(w) and also a solution of (4.6) and
4.7

5 .Conclusion

Recently, a concept for fixed points of
contractive type mappings in DPMS is explored
by Nazam et al.[9] by the help of Nazam et
al.[9],we established many theorems in G -
DPMS in which we use the G - CCP property ,
graph preserving mappings on the structure of
graph and give illustration of the theorems.The
beauty of this article will bring a lot of returns
in the fixed point theory because we observe

that many results that are not true in partial
metric space i.e due to restrictions of non -
negative real numbers are true in G -DPMS.
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