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Abstract: In practical situations we often encounter semi vector spaces. Semi vector spaces are algebraic structures
analogous to vector spaces with the base fields replaced by semifields. Semi vector spaces with an inner product are
called inner product semi vector spaces. Metrizable inner product semi vector spaces which are complete with respect

to the induced metric are called H-semi vector spaces.

In this paper we discuss certain fundamental properties of adjoint maps on H-semi vector spaces.
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1.Introduction

A non-empty set F with two binary
operations + and - defined on it is called a semifield if

the following conditions are satisfied:
(F,+) is a commutative semigroup.

(F — {03,") is acommutative group, where O is

the identity element with respect to +, if it exists.

A semi vector space over a
semifield F is defined to be a non-empty set X
equipped with the operations + : X x X - X, called
addition and - : F x X — X, called scalar multiplication,

satisfying the following conditions:

For each a, PEF, X, Y, Z€X,

X+ (y+2) = (x+y)+z; x+y

:y+)(
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(@) = a ()

1x = X, where 1 is the
multiplicative identity of F if exists.

a(x+y)
BX =oax + px.

We shall write a x instead of a - X, for X €
Xand a € F.

Let X be a semi vector space over the
semifield R,. An inner product on X is a function (,] :

X x X — R, satisfying the following conditions:
(x,x]=0forallx € X
(x,x]=0ifandonlyifx =0

(x,y] = (y,x]forallx,y e X
(ax,y] = a(x,y]for all x,y€eX and a € R,

(x+zy] = (x,y]+(zy]for
allx,y,zeX.

Hence R, is the set of all non-negative real
numbers.

A semi vector space with an inner product
defined on it is called an inner product semi vector
space.
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(if)
(iii)

Let X be a semi vector space over
the semifield R,. An s-norm on X is a function ||.] :

X - R, satisfying the following:

[lx| = O0forallx € Xand||x] = 0ifandonlyifx =0
[lax| = al|x| forallx € X and @ € R,

[lx + vy < |lx| + |ly| forallx,y € X.
Let (X, (,]) be an inner product semi vector
space. X is said to be metrizable if there exists a

metric function d: X X X — R such that

) (d@y)’= 20 + llyl?) = lIx +

y|*forallx,y € X
and i) [{x,y] — (x,z]| < |lx| d (y,2) for

all x,y,z € X, where ||x| = /{x, x].

In this case we say that d is the induced metric of (, ].

A Hilbert semi vector space is an inner
product semi vector space X, which is complete with
respect to the induced metric.

Let us call a Hilbert semi vector space a H-
semi vector space.

2.Adjoints of linear Maps
2.1 Definition

A linear map between two semi vector spaces
X and Y over R, is a map F:X — Y satisfying
F(xy +x,) = F(x;) + F(x,) for all x;,x, € X and
F(ax) =a F(x) forallx € X and a € R,.

2.2 Definition

Let A be a bounded linear map on a H-semi
space X over R,. Suppose there exists a bounded linear

map B on X such that

(Ax,y] ={(x,By]forall x,y e X
@)

Then, B is called an adjoint map of A.

It is to be noted that the existence of an adjoint map
is not guaranteed.

2.3 Remark

Since X is a semi vector space over

R, (x,y] =(y,x]forall x,y € X.So (1) becomes,

(Ax,y] =(x,By] =(By,x] forall x,y €
X. (2)

2.4 Definition

An inner product semi vector space (X,
(, ])isstandard if (x,z] =(y,z]forallze X =
x =y. A H-semi vector space which is standard is

called a standard H-semi vector space or H-semi space.

2.5 Proposition

Let X be a standard H-semi space. Then, the
adjoint of any bounded linear map, if it exists, is

unique.

Proof

Let A be a bounded linear map on X. Suppose
B and C are two adjoint maps of A.

Fix y. Then, (Ax,y ] =(x,By] =
(x,Cy]forall x € X.

Since x € X is arbitrary, and X is
standard, we get, By = Cy.

Hence, since y € X is arbitrary, B = C.

O
Notation

Let us denote the adjoint map of A, if it exists,
by A*. Then (2) becomes,

(x,Ay] =(A*x,y ] forallx,y € X
®)
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2.6 Theorem

Let X be a standard H-semi space over R,.
Let A and B be two bounded linear maps on X with

adjoint operators A* and B* respectively. Then,

i) A+ B alsohasanadjointand (A + B)* = A* + B”
ii) aA has an adjoint and (¢4)* = aA* fora € R,

i) 4" =4

iv) AB has an adjoint and (AB)* = B*A".

Proof
The proof is similar to that in vector spaces.

As A and B have adjoints A* and B*
respectively, Q)

we have (Ax,y] =(x,A*y]and(Bx,y] =
(x,B*y]forall x,y € X.

i) Since A" and B™ are bounded maps on X, A* + B*
is also a bounded map on X.

Now, for x,y € X, consider

(A+B)x,y] = (Ax,y] + (Bx,y]
(x,Ay]+(x,B"y]

=(x, Ay +(B'y] = (x, (4" +
BM)y]. 4
Hence, (A+B)* = A"+ B".

i) Leta €R,.

Then for x,y € X,

((@dx,y] =a({Ax,y]=alx,A"y]

=(x,ad"y].

So, (aA)*= aA*.

iii) Consider

(A"x,y] = (y,Ax] = (Ay,x] = (x,Ay] for all
x,y €X.

Hence A is the adjoint operator of A*. That is,
Aanr =A.

iv) AB and B*A" are bounded maps on X.

Now consider, for x,y € X,

(x,(AB)y ] =(x,A(By)] = (A'x,By] =
(B*A™x,y |.
Hence , (AB)* = B*A*.
O
2.7 Theorem

Let A be a bounded linear map on a standard H-

semi vector space X over R, with adjoint A*. Then,

14*| = 1IAl|
(i) 44| = ll4x)*
(iii) A*A=0if and onlyif A= 0.

Proof

For x € X, Consider ||Ax|*= (Ax,Ax] =
(A*Ax,x ]

IA

[|A*Ax|||x]|, using
Schwarz inequality

IN

AA|llx|?.

So, ||Ax| <./l|A*A] l|x| forall x € X.

Hence [|A] < /||A*A] . So, [|A%] <||A*A|.

(%)
(5) implies,

41" < 114°A] < |lA°|lAl. Hence, [|A] <
||[A*] for A # 0. (6)

For A = 0, (6) is obvious.
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Hence lA] < [|A7]
()
Replacing A by A*, we get,

l4*] < I(A")*| = |lA], since  A™ = A.
(8)
From (7) and (8),

14*] = llAl.
Now (5) implies,

IAI* = ll4Al < lA"[llA] = [|A]” since [|A°| = I|A].
Hence all the terms in the above chain are equal.
So [l4*A| = [IAI".
Again, A*A = 0if and only if ||A*A| =0,
if and only if ||A]>=0

if and only if A= 0.
O

2.8 Example

0*=0 and I" =1I,where | is the identity
operator.

3.Convergence of Linear Maps
3.1 Definition

For Aand B € B(X), D(A, B) is defined by
D(A,B) = sup{d(A(x),B(x))/ x € X, ||x| < 1},

where ||x| = / (x,x].

Then D is a metric on B(X). Here d(x,y) =
201x1* + 2ly1* = llx + y/° ©)

3.2 Proposition

Let A, B € B*(X).

Then D(A,B) = D(A",B*)
Notation

Let X be a H-semi space over R,. The set of

all bounded maps A: X — X is denoted by B(X). Let us

denote the set of all bounded maps A: X — X for which

A*exists , by B*(X).

3.3 Remark
(@) 0and I € B*(X). Thus, B*(X) is non empty.

(b) B*(X) is a subspace of B(X).

3.4 Definition

X is said to have the weak convergence
property if (( x, v, ]) convergent for all x € X implies

(y,,) is convergent.

3.5 Definition

X is said to have the convergence property if

(x,y,]1 = (x,y] for all x implies y,, = y.

3.6 Theorem

Suppose X has the weak convergence

property. Then, B*(X) is a closed subspace of B(X).

Proof

Let (T,,) be a sequence in B*(X) such that
T, = T in B(X).

Consider, forx,y € X,
(Tx,y] = ( lim T,y ] = lim (T, 7]
= lim (%, Ty . (10)
So 1111330( x, T,y ] exists for all x € X.

As X has the weak convergence property,
(T, y) is convergent.

Define Sy = lim T,y forally € X . Then S is linear.
n—oo

(11)
Since (T,,) is convergent, (T,,) is bounded.
So, there exists ¢ < oo such that

IT,| < +c vn.
(12)
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Now, ITx] = ITy| < cVn. [3]
(13)
From (11) we get, [4]
syl = || limT;yi -
lim || 77|

(5]

IN

< lim |17l
c|ly] for all y € X.using (13).

Hence S is bounded.

So (10) becomes,

(Tx,y]=(x,Sy]. HenceS=T" since
y € X is arbitrary.

(6]

Thus, T*y = lim T,y forally € X.
Now D(T,;,T*) = D(T,,,T) » 0asn — oo,

Hence (T,;) - T* and hence B*(X) is closed in B(X).
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