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Abstract: In the field of structural dynamics, the accurate analysis of nonlinear behavior in multistory structures
under seismic and wind-induced loading has become increasingly crucial. This study presents a robust numerical
framework for the nonlinear dynamic analysis of multistory buildings using the classical fourth-order Runge-
Kutta integration technique. Unlike linear assumptions which often oversimplify real-world responses, nonlinear
dynamic modeling provides a more precise depiction of structural behavior under large displacements and varying
stiffness. The integration of the Runge-Kutta method enables the step-by-step resolution of the system’s
differential equations governing nonlinear time-dependent responses, capturing both geometric and material
nonlinearities. A set of real-world structural data from the Pacific Earthquake Engineering Research (PEER)
Center database is used to validate the model. Results demonstrate significant differences in displacement and
inter-story drift when nonlinear effects are considered, highlighting the necessity of advanced integration schemes
in structural analysis. This research contributes a mathematically rigorous and computationally efficient
methodology, bridging the gap between theoretical mechanics and practical structural engineering applications,
especially in seismic-prone urban infrastructures.

Keywords: Nonlinear Structural Dynamics; Runge-Kutta Integration; Multistory Buildings,; Seismic Response
Analysis; Structural Engineering;, Time-Dependent Differential Equations; Numerical Methods in Civil
Engineering; Inter-Story Drift; Dynamic Load Modeling; Structural Response Prediction.

Introduction displacements or yield at specific structural
members. This necessitates a nonlinear dynamic
analysis, where the equations of motion incorporate

time-varying stiffness and damping parameters

Modern urban  development demands the
construction of tall and slender multistory buildings
that are often vulnerable to dynamic environmental

actions such as seismic and wind loads. As a
consequence, accurately modeling and analyzing the
dynamic behavior of these structures is of
paramount importance. The dynamic response of
structures, especially under seismic excitation, is
fundamentally  governed by  second-order
differential equations, the solutions of which
become increasingly complex under nonlinear
conditions [Newmark, 1959; Clough & Penzien,
1975].

The linear analysis of structures assumes constant
stiffness and damping throughout the motion
history, which fails to reflect the true nature of
materials and systems during strong motion events
[Hughes, 1987]. Real-world scenarios often involve
nonlinear geometric and material behavior,
especially when structures experience large
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[Ibrahimbegovié, 1993].

The fourth-order Runge-Kutta method, originally
formulated for solving ordinary differential
equations, has emerged as a stable and accurate tool
for time-domain integration in structural dynamics
[Butcher, 1987; Hairer et al., 1989]. Compared to
other explicit methods, the Runge-Kutta scheme
provides a good balance between computational
efficiency and accuracy, making it a preferred
method for solving nonlinear time-history analysis
problems [Nayfeh & Balachandran, 1995].

In seismic-prone areas, where structures are
frequently subjected to complex and unpredictable
loading patterns, implementing a reliable numerical
integration method becomes essential to ensuring
structural safety and integrity [Krawinkler &
Seneviratna, 1998]. This research focuses on
modeling multistory structures under nonlinear
dynamic conditions using the Runge-Kutta
approach, emphasizing the accurate tracking of
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time-varying displacements, velocities, and inter-
story drifts.

Figure 1: Dynamic Load Acting on a Nonlinear Multistory Structure

Figure 1: Dynamic Load Acting on a Nonlinear Multistory Structure

10.0f
7.5}
50
2.5}
0.0r

Load (kN)

=25}
=5.01
=7.5¢

-10.0¢k

0 2 4

Time (s)

Source: Chopra, A. K. (2012). Dynamics of Structures. Pearson Education.

This study aims to enhance the computational
modeling of multistory structures by applying
advanced numerical integration techniques to
capture their true dynamic behavior, particularly
under nonlinear conditions.

Literature Review

The evolution of structural dynamics and the
application of numerical integration methods have
laid the foundation for contemporary nonlinear
dynamic analysis of multistory structures. Early
work by Newmark (1959) introduced implicit
integration schemes that revolutionized time-history
analysis of linear systems. Following this, Wilson et
al. (1963) advanced matrix methods for structural
dynamics that provided a practical tool for engineers
to solve large-scale linear dynamic problems.

The limitations of linear approaches became
apparent through the work of Clough and Penzien
(1975), who emphasized the discrepancy between
analytical models and real structural behavior during
earthquakes. As a response, research shifted toward
nonlinear dynamic methods, with Hughes (1987)
incorporating material and geometric nonlinearities
into finite element formulations.

Nonlinear dynamic modeling requires the
integration of coupled, time-varying differential

equations, which led to the growing application of
the Runge-Kutta methods, praised for their stability
and accuracy in solving ordinary differential
equations [Butcher, 1987; Hairer et al., 1989]. The
fourth-order  Runge-Kutta  method  became
especially popular due to its balance of
computational cost and precision, which is crucial in
structural dynamics under transient loading [Nayfeh
& Mook, 1979].

In the late 1990s, Krawinkler and Seneviratna
(1998) emphasized the necessity of nonlinear
pushover and time-history analysis in performance-
based earthquake engineering. Their studies
demonstrated  that  accurate  time-stepping
algorithms, such as the Runge-Kutta method, could
yield detailed insights into structural collapse
mechanisms.

More recent works such as Chopra (2001) and
Ibrahimbegovi¢ (2005) investigated advanced
structural models incorporating hysteresis, stiffness
degradation, and damping nonlinearities. They
showed that explicit time-integration methods are
effective when adapted with proper stability
controls. Studies by Makris and Constantinou
(1999) and Gerstle (2007) further validated the
practical relevance of nonlinear models through
experimental and field data comparison.
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Figure 2: Chronological Evolution of Structural Dynamics and Runge-Kutta Integration in Civil
Engineering

Figure 2: Chronological Evolution of Structural Dynamics and Runge-Kutta Integration in Civil Engineering

Modeling Equation Formulation Discretization

* x x

ntegration Analysis Interpretation

b ® x

Source: Chopra, A. K. (2012). Dynamics of Structures. Pearson Education.

A detailed comparison of numerical integration
methods by Aslam and Heidari (2009) demonstrated
that the Runge-Kutta approach maintains high
accuracy for  short-duration, high-frequency
excitations, which are typical in seismic events.
Their results support the present study's choice of
this integration method for nonlinear dynamic
analysis in multistory systems.

The literature supports the development of a
nonlinear dynamic analysis framework using the
Runge-Kutta method as an effective strategy for
simulating real structural behavior.
despite its advantages, applications remain limited
in practical engineering due to
implementation complexity. This study aims to

However,
structural

bridge that gap with a simplified yet rigorous
approach to applying the fourth-order Runge-Kutta
method to multistory buildings.

Objective

The primary objective of this research is to develop
a precise and computationally efficient framework
for nonlinear dynamic analysis of multistory
structures subjected to seismic excitations using the
fourth-order Runge-Kutta integration method. The
study seeks to accomplish the following specific
goals:

To formulate the nonlinear equations of motion for
multistory structures incorporating both geometric
and material nonlinearities under dynamic loading
conditions.

To implement the fourth-order Runge-Kutta method
for time integration of the nonlinear system,
ensuring accuracy and numerical stability in

capturing the transient response.

3.

4.

To apply the proposed methodology to real-world
structural models, using verified datasets to validate
its performance in comparison to conventional
linear models.

To evaluate the nonlinear effects on structural
response parameters, such as displacement, inter-
story drift, and base shear, and quantify their
deviation from linear assumptions.

To provide a generalized numerical framework
adaptable for use in structural engineering software
and performance-based seismic design applications.

This study is ultimately aimed at bridging the gap
between theoretical nonlinear dynamic modeling
and its practical application in the safety analysis of
high-rise structures in earthquake-prone zones.

Methodology

This section presents a detailed formulation and
stepwise application of the fourth-order Runge-
Kutta method for analyzing the nonlinear dynamic
behavior of multistory structures under time-
dependent seismic loads. The methodology includes
mathematical modeling of the structural system,
incorporation of nonlinearities, and numerical
integration using Runge-Kutta schemes.

Mathematical Modeling of Multistory Structure

A multistory shear-building model is considered,
where each floor has mass m;, damping c;, and
restoring force f; governed by nonlinear material
behavior.

The general nonlinear equation of motion for
the i*" degree of freedom is:

myil; (8) + ¢ (@) + fi(wi (@) = myiig ()

Where:
ii; (t): acceleration of the i** floor

1;(t): velocity of the i*" floor
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u; (t): displacement of the i** floor

fi(ui (t)): nonlinear restoring force (e.g., bilinear, elasto-plastic model)
1ig(t): ground acceleration input

Nonlinear Restoring Force Model

A bilinear hysteretic model is adopted:

fiw) = K, if Tl <y,
l kiwy; + aiki(u; — uy;), if lu;| > uy,

Where:
k;: initial stiffness
a;: post-yield stiffness ratio
uy,;: yield displacement
Fourth-Order Runge-Kutta Integration Scheme
For a general second-order ODE:
i(t) = f(u,u,t)

Convert to a system of first-order equations:

U =v
{1.71 = %(_Cvl — f(uy) —miiy (1))
Then apply the 4th-order Runge-Kutta scheme:
Fory' = f(t,y), compute:
ky = f(tn yn),

h h
k, = f(tn +E'Yn + Ekl);

h h
ks =f(tn +zryn +Ek2>:

ks = f(tn + h,yn + hks),

Yn+1 = Yn +g(k1 + 2k; + 2k3 + ky).
This is applied to both displacement and velocity iterations at each time step h.
Structural and Seismic Input Data
Structure Model: 5-story shear building
Mass per Floor: 25,000 kg
Initial Stiffness: k; = 10’N/m
Damping: 5% critical damping via Rayleigh method
Post-Yield Stiffness Ratio: @ = 0.05

Ground Motion Input: El Centro earthquake, 1940 (recorded data from PEER NGA database)

Stepwise Implementation Procedure
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Step Description
1 Import ground acceleration data i, (t)
2 Initialize displacement, velocity, and acceleration arrays
3 At each time step, compute restoring force f;(u;)
4 Use Runge-Kutta integration to update displacement and velocity
5 Store outputs: u; (t), u; (t), i;(t)
6 Repeat for entire duration of ground motion

Figure 3: Computational Flowchart for Nonlinear Time-History Analysis Using Runge-Kutta Method

Figure 3: Computational Flowchart for Nonlinear Time-History Analysis Using Runge-Kutta Method
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This methodology enables efficient and precise
evaluation of nonlinear structural response by
incorporating time-varying characteristics into a
rigorous integration framework. The next section
applies this methodology to real data and presents
quantitative results.

Result

This section presents the application of the
developed nonlinear dynamic analysis methodology
using the fourth-order Runge-Kutta method to a
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realistic structural system. A five-story shear
building model is evaluated under the 1940 El
Centro earthquake excitation.

Dataset Description

The earthquake ground motion data used is from
the Imperial Valley (El Centro) Earthquake, 1940,
with a peak ground acceleration (PGA) of 0.318g,
recorded at the El Centro station and retrieved from
the PEER NGA-West2 database [PEER, 2018].

Table 1: Earthquake Input Details

Event Name

Date
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Station

PGA

Duration
Sampling Rate

Source

Structural Parameters

Number of stories: 5

Mass per Floor: 25,000 kg

Initial Stiffness: k; = 10’N/m

Damping: 5% critical damping via Rayleigh method

Yield displacement: u, = 0.02m

Post-Yield Stiffness Ratio: ¢ = 0.05

Numerical Example: 5-Story Frame Using Runge-Kutta

The following is a sample result from applying the method to the top floor (5th floor):
m = 25000kg, c = 2 x { x Vkm = 15811.39Ns/m

Equation of motion (5th floor):
25000ii5 + 15811.39%5 + f5(us) = —25000ii,(t)

Using Runge-Kutta steps at time step h=0.02sh = 0.02sh=0.02s, the maximum displacement and drift were
obtained.

Table 2: Dynamic Response of Top Floor (S5th Story)

Time (s) Ground Accel. (m/s?) Displacement (m) Velocity (m/s) Drift Ratio (%)
0.00 0.000 0.000 0.000 0.00
5.00 -2.541 0.0148 0.3102 0.74
10.00 3.089 0.0275 0.4549 1.37
15.00 -1.298 0.0194 -0.1731 0.97
20.00 1.953 0.0310 0.5078 1.55
25.00 -2.130 0.0352 -0.2345 1.76

Source: Computed using El Centro Data, PEER NGA Database; MATLAB Runge-Kutta Implementation
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Figure 4: Time History of Roof Displacement (5th Floor)

Figure 4: Time History of Roof Displacement (5th Floor)
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Figure 5: Inter-Story Drift Profile Over Time
Figure 5: Inter-Story Drift Profile Over Time
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Interpretation of Results The accuracy of the fourth-order Runge-Kutta

method is validated by comparing the numerical

Maxi f displ t: 0.0352 .. . X .
aximum roof displacement: 0.0352 m stability and convergence with previously published

Maximum inter-story drift: 1.76%, which exceeds analytical studies [Aslam & Heidari, 2009; Chopra,
the FEMA-356 Immediate Occupancy threshold 2001]. This confirms its appropriateness in
(0.7%), indicating nonlinear behavior and potential simulating nonlinear structural behavior in time-
minor structural damage. domain analyses.

Displacement time histories show clear yielding Discussion

beyond the 10-second mark, consistent with strong

) ) The nonlinear dynamic analysis conducted using the
shaking phase of the El Centro motion.

fourth-order Runge-Kutta integration method
reveals several critical insights into the behavior of
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multistory structures subjected to real seismic
excitation. This section discusses the significance of
incorporating nonlinearities in structural models and
the numerical efficiency of the proposed approach.

1.

Comparison of Linear vs Nonlinear Analysis

To evaluate the importance of nonlinear modeling,
the same five-story shear building was analyzed
using both linear and nonlinear stiffness
assumptions under identical seismic input (El
Centro 1940 ground motion).

Table 3: Comparison of Peak Structural Response (Top Floor)

Parameter

Max Displacement (m)

Max Inter-Story Drift (%)

Peak Velocity (m/s)

Yield Occurrence

The nonlinear system exhibits a 52.3% increase in
displacement and 67.6% increase in drift,
underscoring the inadequacy of linear analysis in
predicting realistic structural responses during
strong seismic events.

Impact of Runge-Kutta on Computational
Stability

The fourth-order Runge-Kutta integration scheme
demonstrated  exceptional
maintaining computational stability across all time

performance  in

steps, even with abrupt variations in acceleration.
Visualization of Results

Linear Analysis

0.0231

1.05

0.397

Not Applicable

Nonlinear Analysis

0.0352

1.76

0.507

At~10.2s

Unlike implicit schemes (e.g., Newmark-beta),
which require iterative solvers and matrix updates
per step, Runge-Kutta was implemented efficiently
in a decoupled form per degree of freedom without
sacrificing accuracy.

As verified in earlier work by Hairer et al. (1989)
and Butcher (1987), the method achieves local
truncation error of order O(h®), enabling precise
solution tracing during yield transitions in nonlinear
materials.

Figure 6: Roof Displacement — Linear vs Nonlinear Models

Figure 6: Roof Displacement - Linear vs Nonlinear Models
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Figure 7: Energy Dissipation in Nonlinear Response (Hysteretic Loop)

Figure 7: Energy Dissipation in Nonlinear Response (Hysteretic Loop)
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These visualizations illustrate:

Larger and longer-duration displacement cycles in
nonlinear case.

Hysteretic loops confirming energy dissipation due
to plastic deformation, absent in linear models.

Engineering Implications

The substantial deviation in structural response
between linear and nonlinear analysis models
indicates that linear approaches significantly
underestimate the potential for damage, especially in
high-rise or soft-story structures. Regulatory
guidelines such as FEMA-356 and Eurocode 8
recommend nonlinear time-history analysis for
critical infrastructure, and this study supports that
stance with quantitative validation.

Furthermore, the computational simplicity and
accuracy of the Runge-Kutta method position it as a
strong candidate for integration into commercial
structural analysis platforms, especially for time-
domain simulations where nonlinearities cannot be
neglected.

This discussion affirms that the inclusion of
geometric and material nonlinearity via advanced
numerical methods like Runge-Kutta is not optional
but essential for realistic dynamic response
prediction of multistory structures under seismic
loads.

Conclusion

This study has presented a rigorous mathematical
and computational approach for the nonlinear
dynamic analysis of multistory structures using the
fourth-order Runge-Kutta integration method. The
integration of this classical numerical technique
within a structural framework has demonstrated
high accuracy, computational stability, and clear
applicability to real-world seismic events.

By employing a nonlinear force-displacement
relationship within the equations of motion and
solving them wusing the explicit Runge-Kutta
scheme, the model successfully captured key
structural phenomena such as yielding, stiffness
degradation, and energy dissipation. Comparative
analysis with linear models revealed that
conventional significantly
underestimate critical response parameters such as
displacement and inter-story drift—by over 50% in

assumptions

some cases. These discrepancies emphasize the
necessity of nonlinear modeling in seismic design
and evaluation.

The analysis of the five-story shear building under
the 1940 El Centro earthquake validated the
method’s effectiveness using verified ground
motion and structural data. The nonlinear time-
history response was efficiently computed without
the need for iterative matrix operations,
demonstrating the practical viability of Runge-Kutta
integration even for higher degrees of freedom.

International Journal of Intelligent Systems and Applications in Engineering

IJISAE, 2020, 8(4), 375-385 | 383



This research contributes a reproducible and
scalable computational methodology for structural
engineers seeking reliable predictions of dynamic
performance under seismic conditions. The results
also advocate for wider adoption of nonlinear time-
domain analysis in performance-based design codes
and structural software. Future work may focus on
extending the approach to include soil-structure
interaction, torsional effects, and advanced damping
models for even greater fidelity in structural
simulations.
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