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Abstract: In recent years, some generalized structures of topologies were introduced. In this way, derivative topological space
was introduced. To contribute in this orientation, we introduce and investigate the properties of differential neighborhoods and
differential limit points in derivative topological spaces. We explore many properties of them and discuss their behaviour on
derivative topological spaces. A differential limit point is a point in a differential ring that can be approached arbitrarily close
by the elements that same set. These concepts serve as the building blocks for defining other key properties in derivative
topological spaces. The relation between differential open sets, differential closure, differential neighborhoods and differential
derived sets were obtained.
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1. Introduction During 20" century, real and complex analysis relied
heavily on the concepts of open sets, closed set,
neighborhood and limit point of a set. The concept
of limit point is taken as primitive for topological
spaces. In this paper, we introduce the notion of
differential neighborhood, differential limit point

and study its properties extensively.

Throughout this paper, we focus only on differential
rings. Let R denote the differential ring unless
otherwise specified. The notion of the ring with
derivation is quite old and plays a significant role in
the integration of analysis, algebraic geometry and
algebra. In 1950°s a new part of algebra called

differential algebra was initiated by the works of Ritt
and Kolchin. For many years, various authors [1,2,5]
constructed some topologies over algebraic
structures and they investigated the relations
between the algebraic properties of given algebraic
structures (such as rings, modules, lattices and fuzzy
structures) and topological properties of these
topologies.

In this manner, we introduce a new topology,
namely, derivative topology 7 which has the
structure that @, R are in T and is closed under
arbitrary union and arbitrary intersection. We
observe that a derivative topology is different from
general topology.
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Section 2 deals with the preliminary concepts. In
section 3, we introduce differential neighborhoods
and study their basic properties. In section 4, we see
the notions of differential limit point and discuss its
properties.

2. Preliminaries

The purpose of this section is to give a review of
some definitions and propositions concerning our
subject. Throughout the work, R denote the
differential ring.

Definition 2.1 [7]: Let R be a commutative ring with
identity. A derivation on R is a map d:
R- R such that

(1) d(atb)=
d(a)+d(b)

(ii) d(a.b)=
d(a).b+a.d(b)

A differential ring is a commutative ring with
identity R together with the distinguished derivation
d. If R is a differential ring and x €R, then write x’
for dx, x'’ for d?x and in general x ™for d"x.

International Journal of Intelligent Systems and Applications in Engineering

IJISAE, 2024, 12(23s), 3816-3819 | 3816


mailto:nithananthajothi@gmail.com

Let R be a commutative ring with identity. A
derivation d on R is said to be the trivial derivation
ifd(a) =0 foralla € R.

The derivative of a non-empty set S is denoted by
d(S) and defined as d(S) = {d(a)/a€ S}.

Definition 2.2 [7]: A subset S of a differential ring
R is called a differential subset if it contains the
derivative of each of its elements. Equivalently,
d(S)E S, where d(S) is the derivative of S.

Proposition 2.3[10]: Let R be a differential ring
with derivation d. Let T be a collection of differential
subsets of R. Then

1. ORET

2. Arbitrary union of differential subsets of R is
a differential subset of R.

3. Arbitrary intersection of differential subsets of
R is a differential subset of R.

Definition 2.4 [10]: A derivative topology on a
differential ring R is a collection 7 of differential
subsets of R having the following properties:

1. @,RareinT.

2. The union of the elements of any
subcollection of 7 is in 7.

3. The intersection of the elements of any
subcollection of 7 is in 7.

If R is a derivative topological space with derivative
topology T, we say that a differential subset U of R
is a differential open set of R if U belongs to 7.

Definition 2.5 [10]: Let (R, d, 7) be a derivative
topological space. A subset A of R is said to be
differential closed if its complement is differential
open of R.

Proposition 2.6 [10]: Let (R, d, 7) be a derivative
topological space. Then the following properties
hold:

1. @ and R are differential closed sets

2. Arbitrary intersection of differential closed sets
is a differential closed set.

3. Arbitrary union of differential closed sets is a
differential closed set.

Proposition 2.7 [11]: Let A be a subset of the
derivative topological space R. Then x € Cl,(A) iff
every differential open set U containing x intersects
A.

Proposition 2.8 [11]: Let X be a subset of a
derivative topological space (R, d, 7). Then

i.Cl;(X) 2 X.

ii. Cly(X) = X if and only if X is a differential closed

subset of R.
3. Differential Neighborhoods

In this section, we will define differential
neighborhood and see some results which connect
differential neighborhoods with differential open
sets and differential closure.

Definition 3.1: Let (R,d, 1)
topological space and x € R. A subset N of R is

be a derivative

called a differential neighborhood of x if there exists
a differential open set U such that xevuc

N.

Clearly, every differential neighborhood of x
contains Xx.

Proposition 3.2: A subset N of a derivative
topological space (R, d, t) is differential open in R
iff N is a differential neighborhood of each of its
points.

Proof: Let N be a differential open set in R. Let x €
N. Obviously, x € NS N. Therefore, N is a
differential neighborhood of x. Hence, N is a
differential neighborhood of each of its points.
Conversely, suppose N is a differential
neighborhood of each of its points. Then for any
X € N, there exists a differential open set U, such
that x € U, © N. Therefore, Uyeny U, = N. By
Proposition 2.3 arbitrary union of differential open
sets is differential open. Therefore, N is a differential
open set.

Proposition 3.3: If A is a differential closed subset
of a derivative topological space (R,d,7) and x €
R — A, then there exists a differential neighborhood
N of x such that N N A = @.

Proof: Let A be a differential closed subset of R.
Then R — A is a differential open set. Since x €
R — A, by Proposition 3.2, R — A is a differential
neighborhood of x. Take N = (R — A). Then N is a
differential neighborhood of x such that N N A = @.

Proposition 3.4: Let A be a subset of a derivative
topological space (R,d,t). Then x € Cl;(A) iff
every differential neighborhood of x intersects A.

Proof: By Proposition 2.7, x € Cl;(A) iff every
differential open set U containing X intersects A.
Also, by Proposition 3.2, N is differential open in R
iff N is a differential neighborhood of each of its
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points. Hence, x € Cl;(A) iff every differential
neighborhood of x intersects A.

Proposition 3.5: Let (R,d,t) be a derivative
topological space. Let x € R. Then every point x
has at least one differential neighborhood.

Proof: Since R is a differential open set, then by
Proposition 3.2, it is a differential neighborhood of
each of its points. Therefore, there exists at least one
differential neighborhood namely, R for each x € R.

Proposition 3.6: Let (R,d,t) be a derivative
topological space. Let x € R. Then every super set
of a differential neighborhood of x is a differential
neighborhood of x.

Proof: Let N be a differential neighborhood of x and
M contains N. Therefore, there exists a differential
open set U such that x € U € N. Since NC M, we
have x € U S M. Hence, M is a differential
neighborhood of x.

Proposition 3.7: Let (R,d,t) be a derivative
topological space. Let x € R. Then the intersection
of two differential neighborhoods of xis also a
differential neighborhood of x.

Proof: Let N and M be two differential
neighborhoods of x. Then there exist differential
opensets Uand VinRsuchthatx € U € N and x €
V € M. Therefore, xeUNV S NNM. Since U
and V are differential open sets in R, by Proposition
2.3 we have UNV is differential open in R.
Therefore, N N M is a differential neighborhood of
X.

Proposition 3.8: Let (R,d,T) be a derivative
topological space. Let x € R. Then the union of two
differential neighborhoods of x is also a differential
neighborhood of x.

Proof: Let N and M be two differential
neighborhoods of x. Then there exist differential
opensets Uand VinRsuchthatx € U € Nand x €
V € M. Therefore, x e UUV € NUM. Since U
and V are differential open sets in R, by Proposition
2.3 we have U UV is differential open in R.
Therefore, N U M is a differential neighborhood of
X.

Proposition 3.9: Let (R,d,T) be a derivative
topological space. Let x € R and let N, (x) be the set
of all differential neighborhood of x. If N € N, (x),
then there exists U € N;(x) such that U € N and
U € Ny(y) forevery y € U.

Proof: Let N € N;(x). Then there exists differential
open set U in R such that x € U € N. Since U is a
differential open set, by Proposition 3.2 it is a
differential neighborhood of each of its points.
Hence U € Ny(y) foreveryy € U.

4. Differential limit Points

In this section we define differential limit points and
differential derived set and establish its properties.

Definition 4.1: Let A be a subset of a derivative
topological space (R, d, 7). Then x is a differential
limit point of A if every differential neighborhood of
x intersects A in some point other than x itself.

The set of all differential limit points of the set A is
called a differential derived set of A and is denoted
by Dy (A).

Proposition 4.2: Let A be a subset of a derivative
topological space (R, d, 7). Then Cl;(A) =AU
Dq4(A).

Proof: Let x € AUD4(A). If x € A, then by
Proposition 2.8, x € Cl;(A). If x & A, then
x € Dq(Q). Therefore, every  differential
neighborhood of x intersects A other than x. Hence
by Proposition 2.7, x € Cl;(A). Thus, Dg(A) €
Cl;(A). Hence, AU Dg(A) € Cl;(A). On the other
hand, letx € Cl;(A). We show that x € AU Dgy(A).
If x € A, then x € AUDy(A). If x ¢ A, then we
need to prove that x € Dy(A). Since x € Cly(A),
by Proposition 2.7 every differential neighborhood
U of x intersects A. Since x € A, the differential
neighborhood U of x must intersect A in some point
other than x. Therefore, x is a differential limit point
of A. Hence, x € D4(A). Therefore, x € AU
D4(A). Hence, Cl;(A) € AUDy4(A). Thus,
Cly(A) = AuDy(A).

Proposition 4.3: A subset A of a derivative
topological space (R, d, 7) is differential closed iff it
contains all of its differential limit points.

Proof: A is differential closed iff cly;(A) = A iff
AUD4(A) = Aiff Dg(A) € A.

Proposition 4.4: Let (R, d, 7) be a derivative
topological space. Let A and B be subsets of R.

i.If A € B, then D4(A) € D4(B)

ii.Dg(AUB) = Dg(A) UDy(B)
iii.D4(A N B) € Dy(A) N Dy(B).
Proof: i. Let A and B be subsets of R such that A ©
B. Let x € D4(A). Then x is the differential limit
point of A. Therefore, every differential
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neighborhood of x intersects A other than x. Since
A € B, we have every differential neighborhood of
x intersects B other than x. Therefore, x is a
differential limit point of B. Hence, x € Dq(B).
Thus, Dg(A) € D4(B).

ii. Since AUB2A and AUB 2B, by i, Dg(AU
B) 2 D4(A) and D4(A UB) 2 D4(B). Therefore,
D4(AUB) 2 D4(A) U Dy(B). Let x € D;(A U B).
We show that x € D;(A) U Dy(B). Suppose x ¢
Dy(A)U Dy(B). Then x ¢ D;(A) and x ¢ Dy(B).
Therefore, x is neither a differential limit point of A
nor of B. Hence, there exist differential
neighborhoods M and N of x such that M contains
no points A other than x and N contains no points B
other than x. Since M and N are differential
neighborhood of x, by Proposition 2.3 we have M N
N is differential neighborhood of x. Also, M N N
contains no point of A U B other than x. Therefore,
x is not a differential limit point of A U B. Hence,
x & Ds(AUB).This is a contradiction, since
x € Dyj(AUB).  Therefore, x € D;(A) U D4 (B).
Hence, D ;(AUB)< D;(A)UDy(B). Thus,
D4(AUB) = D4(A) UDy(B).

iii. Wehave ANB € A and AN B € B. Then by i,
Therefore, Dg(A N B) € Dgy(A) N Dy(B).

Conclusion

This work is devoted to introducing and discussing
the concepts of differential limit points of a set with
respect to differential open sets. We have established
the properties of differential neighborhoods and
differential limit points in derivative topological
spaces.

References

[1] Abuhlail, J. A Zariski topology for modules.
Commun. Algebra 39(11):4163-4182, (2011).

[2] Ansari-Toroghy, H., Keyvani, S., Farshadifar,
F. ,The Zariski topology on the Second
spectrum of a module (IT). Bull. Malays. Math.
Sci. Soc. 39(3):1089-1103, (2016).

[3] Djavvat Khadjiev Fethi Callial P, On the
Differential Prime Radical of a Differential
Ring, Turkish Journal of mathematics, Vol 22
No. 4, 355-368, (1998).

[4] Hadji-Abadi, H., Zahedi, M. M. ,Some results
on fuzzy prime spectrum of a ring. Fuzzy Sets
Syst. 77(2):235-240, (1996).

[5] LN. Herstein, Topics in algebra, second
edition, Wiley india Pvt. Ltd, New Delhi,
Reprint 2017.

[6] James R. Munkres , Topology, 2™ edition,
Prentice- hall of India Private limited. New
Delhi.

[7] Kaplansky, An introduction to differential
algebra, Actualities Sei. Indust. 1251 (1957),
9-63.

[8] E. Kolchin," Differential Algebra and
Algebraic Groups." Academic Press, New
York, 1973.

[9] J.F. Ritt, Differential Algebra, Amer. Math.
Soc. Coll. Pub. Vol 33, New York, 1950.
[10]B. Sorna Praba and S. Nithyanantha Jothi, A
derivative topology on differential rings,

(Communicated)

[11]1B. Sorna Praba and S. Nithyanantha Jothi,
Differential interior and differential closure in
derivative topological spaces,
(communicated).

[12] William F. Keigher, Prime differential ideals in
differential rings, Contribution to algebra, 239-
249, (1977).

[13]William F. Keigher, Spectra of differential
rings Cahiers de topologie et géométrie
différentielle catégoriques, tome 24, no 1, p.
47-56, (1983).

International Journal of Intelligent Systems and Applications in Engineering

IJISAE, 2024, 12(23s), 3816-3819 | 3819



