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Abstract

This paper investigates corona product of several graphs are absolute mean graceful graphs. We establish new
results concerning absolute mean graceful graphs. The main objective of this work is to study the absolute mean
graceful nature of graphs of the form G © K;, where G belongs to specific graph families. We present explicit and
systematic labeling constructions to show that the corona product of complete bipartite graphs K, ,, © K,
alternate triangular graphs AT,, © K;, alternate quadrilateral snake AQS,, © K;, fan graphs E, © K;, jewel graphs with
and without prime edge J,, © K; & J;; © K;, H- graph of path graphs H,, © K;, triangular book graphs B(3,n) © K;

admits an absolute mean graceful labeling.
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1 Introduction

Graph labeling is a central topic in graph theory with
applications in computer science, communication
networks, and combinatorial optimization. Among
its many variants, graceful labeling has been widely
studied for its simplicity and theoretical significance.
A recent extension, absolute mean graceful labeling,
was introduced by Kaneria and Chudasama [8], who
proved that several standard graphs are absolute
mean graceful and also investigated such graphs in
the context of duplication of graph elements. Kaneria
etal. [9] further investigated absolute mean graceful
graphs in the context of path unions of graphs.
Akbari et al. [5] investigated that jewel and jellyfish-
related graphs are absolute mean graceful, while the
same authors in [4] examined absolute mean
graceful graphs in the context of barycentric
subdivision. In this paper, we discuss the absolute
mean graceful labeling of corona products of various
graph structures. For all undefined terminologies,
readers may refer to [2] and [3].
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2 Preliminaries

We consider only finite, simple graphs. Let G=
(V, E) be a graph with vertex set IV'(G) and
edge set E(G).

Definition 2.1. A function f is said to be absolute
mean graceful labeling of a graph ¢, if £: V(G) —{0,
+1, +2,..,+q} is injective and edge labeling
function f*: E(G) - {1,2,..,q} defined as
fr(e) = [If(u)zﬂ] is bijective, V e = uv € E(G).
A graph which admits an absolute mean graceful
labeling is called absolute mean graceful graph.

Definition 2.2. In graph theory, the corona product
of graphs G'and H, denoted G(DH, can be obtained
by taking one copy of G, called the center graph,
and a number of copies of A equal to the order of
G. Then, each copy of His assigned a vertex in G,
and that one vertex is attached to each vertex in
its corresponding H copy by an edge.

3 Main Results

Theorem 3.1. The graph K,,, , © K;, corona product of
complete bipartite K,,,,, and complete graph K, is
absolute mean graceful graph.

Proof. Let G = K,,,, © K; is a corona product of
any complete bipartite graph K, , with complete
graph K1.

Let V(Kpy) ={w, v;/1<i<m,1 <j <n}and
E(Kmp) ={wvj/1<si<m,1<j<n}

Therefore,
V(G) = {u,u';,v;v'; /1<i<m,1<j<n}and
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E(G)={wvj/1<si<m,1<j<n}
U{uu;/1si<smjufvjv’;/1<j<n}.

Clearly, | V(G)| = 2(m+ n) and |E(G)| = g= mn
+m+ n

The vertex labeling function f: V(G)—{0,
+1,42,...,+q} defined as follows.

flu)=q—1—-2ni+2n,1<i<m
fv)=2j—2—-q,1<j=<n

f(u')=q —2m — 2nj + 2j — 2,1<i<m
f(v'})) =4i—g—3,1<i<n

The labeling function f defined as above is one- one,
as there is no repeated vertex labels. It is easy to
check that the edge labeling function f*is bijective.

Thus, f is an absolute mean graceful labeling for
given graph. Therefore, the graph K, ,, © K; is an
absolute mean graceful graph.

Example 3.2. Absolute mean graceful labeling for
K3 4 O K; is shown in following Figure 1.

—19

—18 —14 —10 —6

Figure 1 Absolute mean graceful labeling of K3 , ©
Kl-

Theorem 3.3. The graph AT,, ® K; corona product of
alternate triangular graph and complete graph K; is
absolute mean graceful graph.

Proof. Let G = AT,, ® K; is a corona product of any
alternate triangular graph AT, with complete graph K; .

Let V (AT,) ={u;v;x;/ 1 < i < n} and E(AT,,) =
{uivi,vixi y XiU; /lS i < n}U{xiqu/l <i<
n—1}%

Therefore, V(G) = {u;, v;, x; u'y, vy, '/ 1< i <
n } and E(G) = {uw;x;, vyu, vixg, wu';, v;v';, xix';/
1<i<n}U{xu,/1<i<n-1}

The vertex labeling function f : V (G) — {0, +1, +2,
., £q} defined as follows.

Forl<i <n,

f(u;)) =q—2i+2, f(vi) =n+ 4,
f(x)=1-q+2i—2, f(u)=n+4i-5,
f(v';)=2i—5n,f(x';)=3-—n—4i

The labeling function f defined as above is one- one,

as there is no repeated vertex labels. It is easy to
check that the edge labeling function f*is bijective.

Thus, f is an absolute mean graceful labeling for
given graph. Therefore, the graph AT, © K; is an
absolute mean graceful graph.

Example 3.4. Absolute mean graceful labeling for
AT, © K, is shown in following Figure 2.
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Figure 2 Absolute mean graceful labeling of AT, ©
Kl .

Theorem 3.5. The graph corona product of
alternate quadrilateral snake graph AQS,, © K;
and complete graph K; is absolute mean graceful
graph.

Proof. Let G = AQS,, © K; is a corona product of
any alternate quadrilateral snake graph AQS,, with
complete graph K; .

Let V(AQs,) = {u; v; x;, wi/1<i<n} and
E(4QS,) {wv,viw; , wix; xju; /1< i <n}
U{xju;1/1<i<n-—1}

Therefore, V(G) = {ui, Vi, Wy, xl-’ u'i, V,i, W’i,
x';/1<i<n} and

E(G)=
{wixg, viwg, viwg, wixg, wu', viv' L wiw'y, xx' /1<
i<n}u{xu/1<i<n-1}.

To obtain vertex labeling function f : V (G) —{0, 1,
+2, ..., £}, we take following cases.

Case-1:n= 0(mod2)

f(w) =q —2i+2, 1<i<n

f(x)=1—-q+2i—2, 1Si<n
f(v)=4n—-q+2i—4,1<i<n
f(w)=q—4n-2i+2,1<i<n
fWw)=q+2i—1-4n,1<i<n

International Journal of Intelligent Systems and Applications in Engineering

IJISAE, 2024, 12(23S), 41034108 |4104



f(x')=1—-q—2i+4n,1<i<n
f(v’i):q—4n—6i+3,13is§
f(v'i)=q-6n-2i+1,(3+)<i<n
f(w;)=4n—q+6i—11<i<Z
f(W'g+1)=7n—q+1,
fw;)=6n—q+2i—1,(;+2)<i<n

Case-2: n = 1(mod2)

f(y) =q—-2i+2, 1<i<n
fx)=1-q+2i-2, I<i<n
f(v)=4n—q+2i—4,1<i<n
f(w)=q—4n-2i+2,1<i<n
f(uW,)=q+2i-1-4n,1<i<n
f(x')=1-q—-2i+4n,1<i<n
f(”'i):q—4n—6i+3,1SiSE]

! =q- —6l™
f(v[g]ﬂ)—q 4n 6[2]+1,

rN _ n o [ i
f(v')=q—4n 4[2]+3 21,[2]+2 <i<n
fw)=4n—q+6i—1,1<i< |}
f(W'i)=4n—q+4l§J+2i+1,[§J+1SiSn
The labeling function f defined as above is one- one,

as there is no repeated vertex labels. It is easy to
check that the edge labeling function f* is bijective.

Thus, f is an absolute mean graceful labeling for
given graph. Therefore, the graph AQS,, © K; isan
absolute mean graceful graph.

Example 3.6. Absolute mean graceful labeling for
AQS; O K; is shown in following Figure 3.
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Figure 3 Absolute mean graceful
AQS; O K;.

labeling of

Theorem 3.7. The graph F, O K; corona product
of fan graph F,, and complete graph K; is absolute
mean graceful graph.

Proof. Let G = F,, © K; is a corona product of
any fan graph F, with complete graph K;.

LetV (F,) = {u4, uy, .., Uy, x} and
E(F) ={wyu41/1<is<n—-1}U{xy;/1<i<

n}.

Therefore, V (G) = {y;, v';/ 1 <i < n}u {x,x'}
and

E(G) = {uj_qu;, wiu’; /1 <i<n}
U{xuy;/1<i<n}u{xx'}.

Toobtain vertex labeling function f: V (G) —{0, 1,
+2, ..., £q}, we take following cases.

Case-1:n= 0(mod2)

f(u)=(—1"(q—i+1), 1<i<n
f(u'y)=—1,

fu) = (DG —2),2<i S"T“
f) =" m+i—1), "T” <i<n
f(x)=—(n+2),

f(x)=n— 2.

Case-2 : n = 1(mod2)

f(u)=(-1D"*(q—-i+1), 1<i<n
fQu') =1,
f)=(D"31-2),2<i S"T“
f@)=(CD*m+i—-1), “2<i<n
fx)=—-(+2),

f(x)=n-2.

The labeling function f defined as above is one- one,
as there is no repeated vertex labels. It is easy to
check that the edge labeling function f* is bijective.

Thus, f is an absolute mean graceful labeling for
given graph. Therefore, the graph F, © K; is an
absolute mean graceful graph.

Example 3.8. Absolute mean graceful labeling for
F,; © K; is shown in following Figure 4.

Figure 4 Absolute mean graceful labeling of
F, © K.

Theorem 3.9. The graph J, ©® K; corona product
of jewel graph J, and complete graph K, is
absolute mean graceful graph.
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Proof. Let G =], O K; isa corona product of any
jewel graph J,, with complete graph K, .

LetV (J,) ={u, v, X, y}u{v;/1 < i <n} and
E(J,) = {ux, xv,uy, yv,xyyu {uy;/1<i<n} U
{vv;/1<i<n}.

Therefore, V (G) = {x,x,y,y,u,u’, v, v'}

U {v;,v';/ V1l <i<n}and

E(G) = {xx’,uwu’, vv’, yy', xy}u {v;v';/ 1<i<n}
U{uy;/1<i<n} U{vy;/1<i<n}.

The vertex labeling function f : V (G) — {0, 1, +2,
.., £q} defined as follows.

fx)=-q, f(x)=q,
f(uy=q—-2,f(u)=10—q,
f(V)y=q—-4,f(v)=6—q,
f(y)=4-q,f(y)=2—q,
f(vp)=8—q+4i,1<i<n,
fW)=4-n+2i,1<i<n.

The labeling function f defined as above is one-
one, as there is no repeated vertex labels. It is easy
to check that the edge labeling function f* is
bijective.

Thus, f is an absolute mean graceful labeling for
given graph. Therefore, the graph J, © K; is an
absolute mean graceful graph.

Example 3.10. Absolute mean graceful labeling
for /3 O K; is shown in following Figure 5.

Figure 5 Absolute mean graceful labeling of

J3 O K.

Corollary 3.11. The graph J; ® K; corona
product of jewel graph without prime edge J;, and
complete graph K; is absolute mean graceful
graph.

Proof. Let G =J;; O K; isacorona product of any
jewel graph without prime edge with complete
graph K; .

LetV (J;) ={u, v, X, y}u{v;/1 < i < n}and
E(J;) = {ux, xv, uy, yv} U {uv;/ 1<i<n } U
{w;/1<i<n}.

Therefore, V (G) = {x,x",y, y,u, 0, v, v'}

U {Ui, U’i/ VI<i< I’]} and

EG) = {xx, w’, vv’, yy'Yu {v;v';/1<i<n} U
{uv;/1<i<n} U{vv;/1<i<n}.

The vertex labeling function f : V (G) — {0, £1, +2,
..., 20} defined as follows.

fx)=—q, fx)=gq,
fw=q—-2,f(u)=10—q,
fv)=q—4,f(v)=6—q,
f(y)=4-q,f(y)=2—q,
f(v)=8—q+4i,1<i<n,
f(v')=83—n+2i,1<i<n.

The labeling function f defined as above is one-
one, as there is no repeated vertex labels. It is easy
to check that the edge labeling function f* is
bijective.

Thus, f is an absolute mean graceful labeling for
given graph. Therefore, the graph J; © K; is an
absolute mean graceful graph.

Example 3.12. Absolute mean graceful labeling
for J3 O K; is shown in following Figure 6.

Figure 6 Absolute mean graceful labeling of
J3 O Ky
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Theorem 3.13. The graph H, ©® K; corona
product of H-graph of path graph P, and complete
graph K, is absolute mean graceful graph.

Proof. Let G = H, ® K; is a corona product of
any H-graph of path P, with complete graph K;.

LetV (H,) ={u; v;/ 1 <i<n}and

Now if n = 0(mod2) then

E(Hy) ={wi—iuy, vioq v /1<i<nj U{un,  vn}
2 2

and if n = 1(mod2) then
E(Hy) ={wi—1u;, vi1 v/ 1<i<n} U{un+1vn+}.
2 2

Therefore, V (G) = {u;, v;, u’; v';/ 1<i<n} and
if n = 0(mod2) then
EG) ={wu'y vi v u;_quy, vi_q vy, /1 <i<n}
U{u%_'_1 vg}
and if n=1(mod2) then
EG) ={w vy viv'iui_1uy viy vy /1<i<n}
U{un+1 vn+1 }.

2 2

The vertex labeling function f : V (G) —{0, 1, £2,
.., £} defined as follows.

fw)=(D"(q-i+1),
fv)=CD"""q-n-i+ D),
fW)=(D"-2),
f@)=D" " n+i-2)

The labeling function f defined as above is one-
one, as there is no repeated vertex labels. It is easy
to check that the edge labeling function f* is
bijective.

Thus, f is an absolute mean graceful labeling for
given graph. Therefore, the graph H,, © K; is an
absolute mean graceful graph.

Example 3.14. Absolute mean graceful labeling
for H; O K; is shown in following Figure 7.

-1 19 —14 g———e —4
0 e——9 18 13 ¢— )
Le 17 —12 .G

) [ ] 1l ¢———a7
3 b 15 —10 ——o —§

Figure 7 Absolute mean graceful labeling of
Hs O K; .

Theorem 3.15. The graph B(3,n) ® K; corona
product of triangular book graph B(3,n) and
complete graph K; is absolute mean graceful
graph.

Proof. Let G =B(3,n) © K; is a corona product
of any triangular book graph with n pages
B(3,n) and complete graph K.

LetV (B3, n)={x,y}u{v;/ 1 <i<n} and
EBB, n) ={xv, yv; /1 <i<n} U {xy}

then V (G) = {x,y,x,y'} U{v;, v'; /1 <i<n}
and

E(G) = {xv;, yv;, v;v'; /1 <i<n} U {xx/, yy/, Xy}

The vertex labeling function f : V (G) — {0, 1, £2,
..., 20} defined as follows.

f)=qf@)=q-2
fx)=q-5f@F)=q-6
f(v;))=4i—q—3,1<i<n
f(v'j))=2—q+6i,1<i<n

The labeling function f defined as above is one-
one, as there is no repeated vertex labels. It is easy
to check that the edge labeling function f~* is
bijective.

Thus, f is an absolute mean graceful labeling for
given graph. Therefore, the graph B(3,n) © K; is
an absolute mean graceful graph.

Example 3.16. Absolute mean graceful labeling
for B(3,5) © K; is shown in following Figure 8.

I =™ 0
b

13

Figure 8 Absolute mean graceful labeling of
B(3,5) O K;.

Corollary 3.17. The triangular book graph with
bookmark TB, (y,x)(x,x") is absolute mean
graceful graph.

Proof. Let G =TB,,(y,x)(x,x") be any triangular
book graph with bookmark.

LetV(G)={x,y,x} U{v; /1 <i<n} and
E(G) = {xv;,yv; /1 <i<n} U {xx', xy}.

International Journal of Intelligent Systems and Applications in Engineering

IJISAE, 2024, 12(23s), 4103-4108 | 4107



The vertex labeling function f : V (G) —{0, £1, £2,
.., £q} defined as follows.

f=q,f(y)=q-2,f(x)=q-5,
f(v)=4i—q—3,1<i<n

The labeling function f defined as above is one-
one, as there is no repeated vertex labels. It is easy
to check that the edge labeling function f* is
bijective.

Thus, f is an absolute mean graceful labeling for
given graph. Therefore, the graph
TB,(y,x)(x,x")is an absolute mean graceful
graph.

Example 3.18. Absolute mean graceful labeling
for TBs(y, x)(x,x") is shown in following Figure
9.

10

6
—11

™
—

Figure 9 Absolute mean graceful labeling of
TBs(y,x)(x,x").

4 Conclusion

In this work, we show that the corona product of
different graph structures can be given an
absolute mean graceful labeling. In particular, we
look at the corona product of some graphs with
the complete graph K; and find that these are
absolute mean graphs. This gives a new
challenge for researchers to check if the same
result holds for all K,, and for other types of graph
structures.
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