International Journal of

INTELLIGENT SYSTEMS AND APPLICATIONS IN
IJISAE ENGINEERING

ISSN:2147-6799

www.ijisae.org Original Research Paper

The Forcing Steiner Hop Domination Number of a Graph

D. Abisha! and S. Chandra Kumar?

Submitted:04/06/2024 Accepted:15/07/2024 Published:26/07/2024

Abstract: Let W is a ys-set of G. A subset T of W is called a forcing subset of W if W is the unique y¢-set containing
T. The minimum cardinality of T is the forcing Steiner hop domination number of W and is denoted by f,, (G). The
forcing Steiner hop domination number of G is f,, (G) = min { Frns (G)}, where the minimum is taken over all yy,,-

sets of G. It is shown that for every pair of integers a and b with0 < a < band b = a + 2, there exists a connected
graph G such that f,, (G) = a and y,s(G) = b.
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1. Introduction

By a graph G = (V,E), we mean a finite
undirected connected graph without loops or multiple
edges. The order and size of G are denoted by n and
mrespectively.  For  basic  definitions  and
terminologies, we refer to [3]. Two vertices u and v
are said to be adjacent if uv is an edge of G. For any
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vertex v in a graph G, the number of vertices adjacent
to v is called the degree of v in G, denoted by
deg;(v). A vertex of degree 1 is called a pendent
vertex or an end vertex of G. A vertex v is called a
universal vertex if deg; (v) = n — 1. For any set S of
vertices of G, the induced subgraph (S) is the maximal
subgraph of G with vertex set S and E((S)) =
{fuv € E(G):u,v € S}. A vertex v € G is said to be
extreme if the subgraph induced by its neighbourhood
is complete. The distance d(u, v) between u and v is
the length of a shortest © — v paths in G and a u — v
path of length d(u, v) is called a u-v geodesic.

Many authors have studied this concept with
respect to several parameters like domination, Steiner,
etc. In this paper, we study the concept of the forcing
Steiner hop domination number of a graph for some
certain classes of graphs and their general properties.
This concept helps in designing communication
networks, social networking and problems with
facility location.

For a nonempty set W of vertices in a connected
graph G, the Steiner distance d(W) of W is the
minimum size of a connected subgraph of G
containing W. Necessarily, each such subgraph is a
tree and is called a Steiner tree with respect to W or a
Steiner W-tree. For a given set W € V(G), there may
be more than one Steiner W-tree in G. Let S(W)
denote the set of vertices that lies in Steiner W - trees.
Let G be a connected graph with at least 2 vertices. A
set W € V(G) is called a Steiner set of G if S(W) =
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V(G). The Steiner number s(G) is the minimum
cardinality of its Steiner sets and any Steiner set of
cardinality s(G) is a minimum Steiner set of G. The
Steiner number of a graph was studied in [4-8, 11-13].

Aset S € W ofagraph G is a hop dominating set
of G ifforeveryv € V — §,thereexistsu € S such
that d(u, v) = 2. The minimum cardinality of the hop
dominating set is called the hop domination number
and is denoted byy;,(G), this concept was studied in
[1,2,10].

The forcing Steiner number of a graph was
introduced and studied in [4] and further studied by
many authors in several parameters arising in graphs
[9,11,12].

The following Theorem is used in the sequel.

Theorem 1.1[4] Each extreme (end) vertex of a
connected graph G belongs to every Steiner set of G.

2. The forcing Steiner hop domination

number of a graph

V1 V2 \/3 V4

Definition 2.1. A subset W of vertices in a graph G is
called the Steiner hop dominating set of G if W is both
a Steiner set and a hop dominating set of G. The
minimum cardinality of a Steiner hop dominating set
of G is its Steiner hop domination number yys(G). A
Steiner hop domination set of size y,,4(G) is said to be
ayps-set of G.

Definition 2.2. Let W is a yp4-set of G. A subset T of
W is called a forcing subset of W if W is the unique
Yrs-set containing T. The minimum cardinality of T is
the forcing Steiner hop domination number of W and
is denoted by f,, (G). The forcing Steiner hop
domination number of G is f,, (G) = min {fms (G)},
where the minimum is taken over all y;-sets of G.

Example 2.3. For the graph G given in Figure 1, W; =
{Ul, vs, Ug, vlz} and Wz = {U3, U7, le' vlz} are the
only two minimum yj¢-sets of G such that f,, (W) =

thS(Wz) =1 so that ths(G) =1.

vy

V14 Vi3 Vi2 Va1

Vio

Figure 1. The graph G with f,, (G) = 1.

Theorem 2.4. For any connected graph G, 0 <
fth(G) =< Vhs (G)

The following Theorem characterize the graph G for
which the bounds in Theorem 2.4 is obtained and also
graphs for which f,, (G) = 1. The proofs of the

following theorems are straightforward. Thus, we omit
the proofs.

Theorem 2.5. Let G be a connected graph. Then

(@) fy,,(G) =0 if and only if G has a unique
Vhs-Set.

() fy,,(G) = 1ifand only if G has at least two
Yhs-sets one of which is a unique yy,-set
containing one of its elements.

fyns(G) = ¥rs(G) if and only if ypg-set of G
is the unique Y, -set containing any of its
proper subsets.

(©)

Definition 2.6. A vertex v of a graph G is said to be a
Steiner hop dominating vertex of G if V belongs to
every Yps-set of G.

V6

Figure 2
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Remark 2.7. Each extreme vertex of G is a Steiner hop
dominating vertex of G. In fact, there are Steiner hop
dominating vertices that are not extreme vertices of G.

Example 2.8. For the graph G given in Figure 2, S =
{v,, v3} are the Steiner hop dominating vertices of G
which are not extreme vertices of G.

Theorem 2.9. Let G be a connected graph and S be the
set of all ypg-set of G. Then f,,, (G) < y,s(G) — |S].

Remark 2.10. The bound in Theorem 2.9 is sharp. For
the graph G given in Figure 2, W, = {v;,v3,v,} and
W, = {v,, v3, vs}are the only two yys-sets of G such
that f,, (G) = 1. In addition, S{v,, v} is the set of all
Steiner hop dominating vertices of G. Now, ys(G) —
IS.=3-2 =1. Thus, f,, (G)=7yp(G)—1IS|.
Also, the bound in Theorem 2.9 is strict. For the graph
G = Py with vertex set V(G) = {vy, V5, V3, ..., Vg, Vg },
W, = {vy, vy, V7, Vg, Vo } and w, =
Theorem 2.13. For the path B, (n = 2),

Fras (G) = {

Proof:Let G = P, be vy, v,,vs, ..., Uy be the set of all
vertices.

Case 1(a): Let n =2. The result follows from
Theorem 2.12.

Case 1(b): Let n = 3. Then W = {v,,v,,v3} is the
unique yps-set of G so that f,, (G) = 0.

Case 1(c): Let n=4. Then W, = {v,,v,} is the
unique ypg-set of G so that f,,, (G) = 0.

Case 1(d): Let n=65s+1(s=>1). Then W, =
{v1, V4, V7, ..., Vgsp1} is the unique y;,4-set of G so that
frs(G) = 0.

Case 1(e): Let n=65+4(s=1). Then W; =
{v1, V4, V7, ..., Vgsia} is the unique y;,5-set of G so that
ths(G) =0.

Case 2: Letn = 5. Then W, = {v;,v,, s} and Wy =
{v1,v,, vs} are the only two yj-sets of G so that
FrnsWa) = f,,.(Ws) = 1. Hence, it follows that

(@) = 1.

Case 3:
5 where (s = 1).

n = 6sor6s+2or6s+ 3orb6s+

Case 3(a): Let n = 6s(s=1). Then y,(G) =
25 + 2. In this case G has more than one yj-sets.
Let Wy be a yp¢-set of G. It is easily verified that there
is no singleton subset of W and so f,, (G) = 2. Let

{v1,v,, V3,14, g} are the only two y;s-sets of G such
that y,,(G) =5 and f,, (G) = 2. In addition, S =
{v1, o} is the set of all Steiner hop dominating vertices
of G. Now y,,(G)—|S|=5—-2 =3. Thus,
Jrns (@) < ¥rs(G) —[S].

Corollary 2.11. Let G be a connected graph with k
extreme vertices. Then f,, (G) < yps(G) — k.

Proof: This follows from Theorems 1.1 and 2.9.

Theorem 2.12. Let G be either the complete graph
K, (n = 2) or the star graph K;,_; (n = 2) or the
complete bipartite graph K, 5 (2 < r < s) or the fan
graph K; + P,_; (n = 3) or the wheel graph K; +
Cn—1 (n = 4). Then f,, (G) = 0.

Proof: Since W = V(G) is the unique yp¢-set of G, the
result follows from Theorem 2.5(a).

Oifn=2o0r3ord4or6s+1lorb6s+4
lifn=5
2ifn=6sor6s+2orn==6s+3o0r6s+5wheres=>1

We = {v1,04,V7, ., Ves—2} U {V6s-1, Ves}. Then W
is the unique y;,¢-set containing {v¢s_,, Ves—1} SO that
fyns(G) = 2. This is true for all y,, -sets of G .
Therefore, f,, (G) = 2.

Case 3(b): Letn = 65+ 2 (s = 1). Then y,,(G) =
25 + 2. In this case G has more than one yj,-sets. Let
W, be a y;s-set of G. It is easily verified that there is
no singleton subset of W; and so f,, (G) = 2. Let
W, = {v;} U {v,y, Vs, Vg, ..., Vgs42} Then W, is the
unique yjs-set containing {v,, vs} so that f,,, (G) = 2.
This is true for all yp-sets of G. Therefore, f,, (G) =
2.

Case 3(c): Letn = 65+ 3 (s = 1). Then y,(G) =
2s + 3. In this case G has more than one yj-sets. Let
Wg be a yjs-set of G. 1t is easily verified that there is
no singleton subset of W5 and so f,, (G) = 2. Let
Wy = {vy,v,} U {v3, 4, Vg, ..., Vgs+3}. Then Wy is the
unique ypg-set containing {vs, v} so that f,, (G) =
2. This is true for all y,s-sets of G . Therefore,
fyns(G) = 2.

Case 3(d): Let n = 65+ 5(s = 1). Then y,(G) =
2s + 3. In this case G has more than one y,¢-sets. Let
Wy be a yy-set of G. It is easily verified that there is
no singleton subset of Wy and so f,, (G) = 2. Let
Wy = {v;} U {v,, Vs, Vg, ..., Vg5 }. Then Wy is the
unique yj¢-set containing {v,, vs} so that f,,, (G) = 2.
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This is true for all yp,-sets of G. Therefore, f,, (G) =
2.

Theorem 2.14. For the cycle C, (n = 3),

Oifn=30rn=4

fyhs (G) =

lifn==6sor6s+3
2ifn=6s—1or6s+1

3Jifn=6s+20rn=6s+4,wheres >1

Proof: Let G = C, be vy, v, V3, ..., Uy, V4.

Case 1: n=3o0orn = 4. The result follows from
Theorem 2.12.

Case 2(a): Letn = 6s (s = 1). Then y;4(G) = 2s.
In this case G has more than one yp¢-sets. The yy,-
sets of G are Wy = {vq, vy, ..., Vgs_2}, Wy =

{vy, Vs, o, Vgs_1 } and Wy = {v3, U, ..., Vs }. Now
fyrns(Wi) = 1fori=1to3sothatf, (G)=1

Case 2(b): Letn = 65 + 3 (s = 1). Then y,(G) =
2s + 1. In this case G has more than one yp¢-sets.
The yy-sets of G are W, = {vq, Vg, ..., Vg1 ), Ws =
{vy, Vs, oo, Vggin} and Wy = {v3, U, ..., Vgsi3}. NOW
fyns (W) =1 fori =4to6sothat f,, (G)=1.

Case 3(a): Let n = 65 —1 (s = 1). Then y;,s(G) =
2s + 1. In this case G has more than one y;,-sets. Let
W, be a ype-set of G. It is easily verified that no
singleton subset of W and so f,, (G) = 2. Let W, =
{Ul, Vz} U {v6' V125 w0) UGS} U {‘U7, V135 we) v6s+1}'
Then W, is the unique y;¢-set containing {v,, U} SO
that f,, (G) = 2. This is true for all ypg-sets of G.
Therefore, f,, (G) = 2.

Case 3(b): Let n = 65+ 1 (s = 1). Then y;,,(G) =
2s + 1. In this case G has more than one y;,-sets. Let
Ws be a yps-set of G. It is easily verified that there is
no singleton subset of Wgand so f,, (G)=2.
Let Wy = {v, V4, V7, ..., Ves41}. Then Wy is the
unique yp-set containing {vy, Vespq}  so that
fyrns(G) = 2. This is true for all yps-sets of G.
Therefore, f,, (G) = 2.

Cased:n = 6s+ 2orn = 6s + 4, where (s = 1).

Case 4(a): Let n = 65+ 2 (s = 1). Then y;,4(G) =
2s + 2. In this case G has more than one y;,-sets. Let
Wy be a yys-set of G. It is easily verified that there is
no singleton subset of Wy and so f,, (G) = 3. Let
Wy = {vy, 5} U {vs, v, ..., V6s}. Then Wy is the
unique ype-set containing {v;,v,,v3} so that
fyns(G) = 3. This is true for all yps-sets of G.
Therefore f,, (G) = 3.

Case 4(b): Let n = 65+ 4 (s = 1). Then y,,(G) =
25 + 2. In this case G has more than one yj-sets. Let
Wi be a yys-set of G. It is easily verified that there is
no singleton subset of Wjpand so f,, (G) = 3. Let
Wi = {v2, v3} U {ve, V12, v, Ves} U

{v;, V13, v, Vgs41). Then Wy, is the unique y¢-set
containing {v,, v3, v} so that f,,, (G) = 3. This is true
for all yps-sets of G. Therefore, f,, (G) = 3.

Theorem 2.15. For every pair of integers a and b with
0 < a < band b = a + 2, there exists a connected
graph G such that f,, (G) = a and yps(G) = b.

Proof: Let P:t,u,v,w be a path of order four and
Piiu;, v, w; (1 < i < a) be a copy of path of order
three. Let H be a graph obtained from P; and P by
introducing the edges tu; and ww; (1 < i < a). Let
G be the graph obtained from H by introducing the b —
a— 2 new vertices Zzy,Zz, ..., Zp_q—, and joining w
with each z; (1< i < b—a—2). The graph G is
shown in Figure 3.

First, we prove that y,,(G) =b. Let Z =
{21,275, ...,Zy_4_2} be the end vertices of G. By
Theorem 1.1, Z is a subset of every Steiner hop
dominating set of G. Since S(Z) # V(G), Z isnot a
Steiner hop dominating set of G. It is easily seen that t
and w are Steiner hop dominating vertices of G. Let
Zy=Z U {t,w} be the set of all Steiner hop
dominating vertices of G. Since S(Z;) # V(G), Z; is
not a Steiner hop dominating set of G and so y,,(G) =
b—a—-2+2=b—a.LletH; ={y;,w;}(1<i<
a) . We prove that every y,s-set of G contains exactly
one vertex from each H; (1< i< a). On the
contrary, suppose that there exists a y;s-set W such
that W contains no element from each H; (1 < i <
a). Then W cV(G) -
{ug, uy, ..., ug, Wy, Wy, ..., w,}. Hence, it follows that
S(W) # V(G) ,which is a contradiction. Therefore,
every yps-set of G contains exactly one vertex from
each H;(1< i< a)andsoy,(G)=b—a+a =
b.LetW = Z; U {vy,V,, ..., U, }. Then W is a Steiner
set of G. Since d (f,S) =2, where f € W and § C
V\ W, W is a hop dominating set of G. Therefore, W
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is a Steiner hop dominating set of G so that y,,(G) =
b.

Next, we prove that f, (G) =a. By
Theorem 2.9., f,, (G) < yps(G) — |Z4| =b—(b—
a) = a. Since every yys-set of G contains exactly one
vertex from each H; (1 < i < a) and Z; is a subset of

every Yps-set of G. Every yp¢-set of G is of the form
W, = Z; U {cy, ¢y .y Cq), Where ¢ EH; (1< i <
a). Let T be any proper subset of W; with |T| < a.
Then there exists H; for some j such that T N H; = ¢,
which shows that f,, (G) = a.

A graph G with f,, (G) = aand yps(G) =bwith0 < a < bandb = a+ 2.

Figure 3

3. Conclusion

In this paper, the forcing Steiner hop
domination number for the standard graphs were
determined and a realization result is given. This can
be extended with other parameters of the graphs in
further studies.
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