International Journal of

INTELLIGENT SYSTEMS AND APPLICATIONS IN
LJISAE ENGINEERING

ISSN:2147-6799

www.ijisae.org Original Research Paper

On Paired Double Domination number for Degree Splitting
Graphs of Path and Cycle related Graphs

M. N. Sree Valli |, V. Anusuya?

Submitted:01/11/2024 Revised: 08/12/2024 Accepted: 15/12/2024

Abstract: In this paper, we introduced the new concept Paired double domination number for
degree splitting graph of special graphs. A paired — double dominating set of a graph G with
no isolated vertex is a double dominating sets of vertices whose induced subgraph has a perfect
matching. A Paired double domination number y,,44(G) is the minimum cardinality of a
paired double dominating set of G. Let G = (V, E) be a graph with V(G) = S; US, U ..U S; U
T, where S;is the set having at least two vertices of same degree and T = V(G) — U
S;,where 1 < i < t. The degree splitting graph DS(G) is obtained from G by adding vertices
W1, W5, ... wiand joining wj to each vertex of S; fori = 1,2, ...t \We establish Paired double
domination number for degree splitting graphs of path and cycle related graphs.
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1 Introduction neighborhood of vertex N[v] = N(v) U

Let G = (V, E) be graph with vertex v}

set V and edge set E. We obtain with some
terminology. For a vertex v of a graph G,
the open neighbourhood of a vertex veV
is N(u) ={v/uv €E }and closed
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A subset S € V is a dominating set
of G, if for every vertex € V,|N[v] Nns| =
1. The domination number is the minimum
cardinality of a dominating set of G. A
subset S of V is double dominating set of G
if for every vertex veV,|N[v]ns| > 2,
that is visin § and has at least one
neighbor in S and v is in V-S has at least
two neighbors in S [3].

A set S is called paired — dominating
set if it dominates V and <SS > contains at
least one perfect matching. A paired —
dominating set S with matching M is a
dominating set S =
{v1, V4, V3, ., Vg1 V5 } With  independent
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edge set M = {e,e,,...,e,} where each
edge e joins two elements of S, that is M
is perfect matching of < S > . If vjv;, =
e; € M , we say that v;; and vy, are paired
in S [5]. A set S is called a paired — double
dominating set if it is a double dominating
set and < S > contains at least one perfect
matching. The  double
number y44(G) is the minimum cardinality
of double dominating set of G, the paired —
Ypr (G) is the
minimum cardinality of paired dominating

domination

domination number

set of G and paired double domination
number  Yprqq(G) is the minimum
cardinality of a paired double dominating
set of G. B, © K y,is a graph obtained from
the path by attaching K ,to each of its
vertices A Triangular Snake T, is obtained
from a path uq,uy,us,...uy_q, U, by
joining u;and u;,qto a new vertex v; for
1 < i <n—1.Thatis every edge of a path
is replaced by a triangle C3. An Alternate
Triangular Snake A(T}, ) is obtained from a
path uq,uy,uz, ... uy_1,U, by joining
u;and u;,q (alternatively) to a new vertex
v; .That is every alternatively edge of a path
is replaced by a triangle C;.

In this paper, we characterize Paired
double domination number for degree
splitting graphs of B, © Ky, (B, © K1) ©
K1 m» Py © Kj y, Triangular Snake,
Alternate Triangular Snake

Theorem 1.1. [7] For any path B, ,

2 ifn=2
Voraa(Py) = di)les not exist if n =3
2 ng +2 other wise

Theorem 1.2. [7] For any cycle C,
Yprdd (Cn): 2[%]

Theorem 1.3. [7] For any path B, , n#3 ,
ydd(Pn) < Vprdd(Pn)

Theorem 1.4. [7] For any cycle C,
ydd(Cn) =< yprdd(cn)

Theorem 1.5. [7] If n = 3k+2 where k € N,
then)/prdd (Pn) = Yprdd (Cn).

2. Main Results
Theorem 2.1

For any integer n =3 )/prdd(DS(Pg, ©)
K,)) =6.

Proof:

Let {vy, V5, v3, Uy, Uy, Uz } be the vertices
of P; O K, where S; = {u; ,u,,u3} and
S, = {vy,v3} are sets of values of deg 1
and deg 2 respeertively. To obtain
DS(P; O K;) fromP; O K;, we add x;and
x, which corresponds to S;and S,
respectively. Let H be the yp.qq set of
DS(P; © K;). Then H =
{vi, V2,3, ,%5,u3 } and < H > has a
perfect matching. Hence yprdd(DS (2¥0)
K))) =6.

Theorem 2.2

For any integer n >4 yprdd(DS (B, ©

K))_{n+3 ifnisodd}
Y7 n+2 ifnisevenS
Proof:

Let {vy,vy, ., Uy, Ug, Uy, oo, Uy }
be the vertices of P, ® K; with partition
S1 = {uq, Uy, Us, e Upy_q, Uy } S, =

{v,v,} and S; ={v,,vs3, ....v,_1}. To
obtain DS(B, © K;) from B, © K;, we add
Xy , X, and x3 which corresponds to
S1,S5 and S5 respectively. As a result

V(DS(P, © K1) = {x1, X3, X3, V1, Vg, V3, wev. U, U, Uy, Up, Us, wee - U1, Un }
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where |V(DS(P, © Ky))| = 2n+
3 for n = 4. Let H be the yprqq set of
DS(P, O K;) let H=
{v1, V5, V3, .. V1, Uy, Uy, X, Y and H, =

{x2}.
Case(i) nis odd

and

Let H=H,; UH,. Then < H > contains
a P, 5 graph and < H > has a perfect

matching. Hence ¥prqq (DS B, O Kl)) =
n+ 3.

Case(il) nis even

Let H=H;. Then < H > contains

a P,,, graph and < H > has a perfect
matching. Hence

Vprdd(DS(Pn ©) K1)) =n+ 2.
Theorem 2.3

For any integer n =3 yprdd(DS ((P; ©
K) O Kl,n)) = 8.
Proof:
{V1, V2, o) Upy Ug, Uy e, Uy, Ug
be the vertices of (B, © K;) ©
K, with partition S

{ Uy, Us2) - Un1, Un 2 ...un_m} , S
{fu, uy, o, uyt, S3={v,v,} and S,
{vy,v3,....v_1}. To obtain DS((P; ©
Kl) @ Kl,n from (Pn @ Kl) @ Kl,n: we
add x4, x, , x3 and x, which corresponds to
S$1,S, ,Szand S,

result,DS (P, © K1) O Kym) =

{xl, X2, X3,X4,V1 e, Uy, Uq, Up, oonn, Uy,

respectively. As a

Upq,Uso, U1 Un2ss ...un,m} .Let H be
the yprqq set of DS((P, © K1) © Ky ).

Then H =
{xl,un,m, Vi, Up, Ug, Ug, e, Uy } and <
H> has a  perfect matching.

Let
{v1,V2,V3,Uy , Up, Us, Ugy , Ugg, o Usy, Usg,, o Usp |
be the wvertices of (P;0OK;)QO
K, , where S; = { vy, v3} , S, =
{uy ,uy, usl and Sy =

{ul‘l ,Up 2, U311, U3 2,, ...ug,n} are sets of
vertices of deg 2 , deg ntl and deg 1
respectively. To obtain DS((P; O K;) ©
K;, from P; O Ky, we add x;, x; and x3
which to S;,5, and S;
respectively. Let H be the yp.qq set of
DS((P; O K1) ©® K1,). Then  H =
{v1,V2,V5,Uy , Uy, U3, X3, U3, } and <
H> has a  perfect matching.
Henceyprqq(DS((Ps O Ky) O Ky ) = 8.

Theorem 2.4

corresponds

For any integer n =>4 yprdd(DS (P, ©
K) © Kym)) = 2n+ 2.

Proof:

Let

B ul'z, ‘e un'l,unz, ) nes un'm }

Henceypraa (DS((Pn OK)O Kl,m) =
2n + 2.

Theorem 2.5

For any integer n =3 Yprqq (DS (P3 ©)
Kin)) = 6.

Proof:

Let
{vl, Uy, VU3, ul’l B uljz, u3,1, u,3’2, ) wes u,3’n }
be the vertices of (P; © Ky ,) where S; =
{ulll ,ul,z..,U3’1,u32,, ...u3n} and SZ =
{ v,,v3} are sets of vertices of deg 1 and
deg n+1 respectively. To obtain DS (P3 O]
Kl,n) from P; © Ky, we add x; and x,
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which . corresponds to S;and S, Vprad (DS(Pn 0 Kl,m)) —n+2
respectively. Let H be the yprqq set of

DS(P; © Kyp). Then H= Theorem 2.7
{v1, V2, V3, %1 , %, U3 } and < H > has a For any integer n > 3 yp,q4(DS(AT,)) =
perfect matching. Hence ¥,,qq (DS (P, © 4 (g) +2 if n=0(mod3)
Kl,n)) = 6. 4 EJ +2 if n=1(mod 3)
Theorem 2.6 4 E] + 2 if n = 2 (mod3)
For any integer n =4 Yprqq (DS (Pn O] Proof:
K ))_{n+3 ifnisodd} Let
tmJ) = n+2 if niseven)

{vi, V2, V3, e Vg, Ug, Up, v Up_q, Uy, } DE
Proof: the vertices of AT, with partition S; =
{vy,v,u, Uy, e Upy_q, Uy} and S, =

{ vy, V3, ....U_1}. To obtain DS(AT,,) from
{vl,vz, e Uy Up 1, U2, o Un 1, Un 2y s oo Unm } AT,, we add %,
be the vertices of (P, O

Let

, and x, which
corresponds to S; and S, respectively. As a

Kim) with partition S; = result, DS(AT,) =

{ U1 U1 Uny Un sy o U}, Sz = {x1, X0, V1, Vg, U3, eee . Vg, Uq, Up,y eee s Upy—q, Uy }
{vi, v} and S3={v,v;,....v5_1}. To where |V (DS(AT,,))| = 3n + 2 for n = 3.
obtain DS(B, © Ky,n) from (B, © Let H,= {v,i=12(mod3)}, H, =
Kim),we add x;, xpand x3; which {v,—1} and H; = {x,}.

corresponds to S;,S, and Sz respectively.
As a result, DS (Pn O] Kl,m) =

{xl,xz, X3, V1 s Up U2, Un 1, Un 2s s oo Unm }

Case(i) n = 0 (mod3)
Then H=H,UH, UH;. Thus <H >

.Let H be the y,,q4 setof DS(P, © Ky m). contains a P graph and ( )Pz graph
Then H, = and < H > has a perfect matching.
{%1,Us 1, V1,0, Vny Uy, Uy, o Uy | and Hence ¥ypraa(DS(AT,)) = 6 + 2 (22) =
Hy = {x,}. _
4(3)-4+6=4(3)+2.

Case(i) nis odd
Case(ii) n = 1 (mod3)
Let H=H,;UH,. Then < H > contains

aP,,;eraph and < H > has a perfect Then H = H; U H3.Thus < H > contains

2n+
matching. Hence Vprad ( D S( P, O ( )P2 graph and < H > has a perfect
Kl,m)) —n+3 magck-l:?g Hence ¥praa (DS (ATn)) =
2(222) 1) +2=1(2) 23+
o 3
Case(i) niseven
a2
Let H=H;. Then < H > -contains
aP,., graph and < H > has a perfect Case(iii) n = 2 (mod3)

matching. Hence
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Then H = H; U H;.Thus <H>
contains a P, graph (2713—_4) P, graph and
<H> has a perfect matching.

Hence Yprqq(DS(AT,)) = 4 + 2 (2n3—4) -

4(§)+4—§=4("“)+2=4[§]+2.

3

Theorem 2.8

For any integer n =2 Y¥p.qq (DS(Ty)) =
4.

Proof:

Let {v,,v,,v3,u,u, } be the
vertices of T, where S, =
{ v1,v3,uq, u,} are sets of vertices of deg
1. To obtain DS(T,) from T, we add x
which corresponds to S respectively. Let H
be the yprqq set of DS(T,). Then H =
{vi,v5,v3,x} and < H > has a perfect
matching. Hence ¥p,qq4(DS(T2)) = 4.

Theorem 2.9

For any integer n =3 ¥,,q4(DS(T,)) =
2(g)+2 if n =0 (mod3)
ZEJ+2 if n=1 (mod 3)

2[5 +2 if n =2 (mod3)

Proof:

Let

{vl, V2, V3, oo . Upyq, U, Uy o Uy q, Uy }
be the vertices of T,, with partition S; =
{vl, Vn+1, U, Upy o Uy, un} and SZ =
{ vy, V3, ... v_1}. To obtain DS(T,,) from
T, we add x; ,and x, which corresponds
to S; and S, respectively. As a result,
DS(Tn) =

{x1, X2, V1, Vg, oo Upypp, Ug, Ug, o Uy }
where |V DS(T,)| = 2n + 1 for n > 3. Let
Hl = {viri = 112 (m0d3)}) HZ = {Un}
and H3 = {xl} .

Case(i) n = 0 (mod3)

Then H = H; U H3. Thus < H > contains
a P, graph and (nT_3) P, graph and < H >
has a perfect
Hence ¥prqq (DS(T)) =4 +2 (%3) =

2(3)-2+4=2(%)+2

matching.

3
Case(ii) n = 1 (mod3)

Then H = H; U H;.Thus < H > contains
(nT_1+ 1) P, graph and < H > has a
perfect matching. Hence ¥prqq (DS (Tn)) =
2(=+1) =2(%) +2=2[3+2
Case(iii) n = 2 (mod3)

Then H=H,UH, UH;. Thus <H >
contains a Py graph (nT_S) P, graph and
<H?> has a perfect
Hence ypraa(DS(T) = 6+ 2 (52) =
2(Z2+2)+2 =2 (") +2=2[3]+
2.

matching.
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