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Abstract: In this paper, we introduced the new concept Paired double domination number for 

degree splitting graph of special graphs. A paired – double dominating set of a graph G with 

no isolated vertex is a double dominating sets of vertices whose induced subgraph has a perfect 

matching. A Paired double domination number 𝛾𝑝𝑟𝑑𝑑(𝐺) is the minimum cardinality of a 

paired double dominating set of G. Let G = (V, E) be a graph with V(G) = S1 ∪ S2 ∪ …∪ St ∪

T, where Si is the set having at least two vertices of same degree and T = V(G) − ∪

Si, where 1 ≤ i ≤ t. The degree splitting graph DS(G) is obtained from G  by adding  vertices 

w1, w2, … wtand joining  wi to each vertex of  Si for i = 1,2, … t .We  establish Paired double 

domination number  for degree splitting graphs of path and cycle related graphs. 

MSC : 05C69 

Key words: Double domination number, Paired - double domination number, Locating paired 

- double domination number. 

1    Introduction  

Let G = (V, E) be graph with vertex 

set V and edge set E. We obtain with some 

terminology. For a vertex v of a graph G, 

the open neighbourhood of a vertex  𝑣 𝜖 𝑉  

is   𝑁(𝑢) = { 𝑣/𝑢𝑣 ∈ 𝐸 } and closed 

neighborhood of vertex 𝑁[𝑣] = 𝑁(𝑣) ∪

{𝑣}.                      

A subset 𝑆 ⊆ 𝑉 is a dominating set 

of G, if for every vertex  𝜖 𝑉, |𝑁[𝑣] ∩ 𝑠| ≥

1 . The domination number is the minimum 

cardinality of a dominating set of G. A 

subset S of V is double dominating set of G 

if for every vertex 𝑣 𝜖 𝑉, |𝑁[𝑣] ∩ 𝑠| ≥ 2, 

that is 𝑣 𝑖𝑠 𝑖𝑛  𝑆  and has at least one 

neighbor in S and v is in  V-S has at least 

two neighbors in S [3]. 

A set S is called paired – dominating 

set if it dominates V and   < S > contains   at 

least one perfect matching. A paired –

dominating set S with matching M is a 

dominating set 𝑆 =

{𝑣1, 𝑣2, 𝑣3, … , 𝑣2𝑡−1𝑣2𝑡} with independent 
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edge set 𝑀 = {𝑒1,𝑒2, … , 𝑒𝑡} where each 

edge 𝑒𝑗  joins  two elements of S, that is M 

is perfect matching of  < S > . If 𝑣𝑗𝑣𝑘 =

 𝑒𝑖 ∈ 𝑀 , we say that 𝑣𝑖𝑗 and 𝑣𝑖𝑘 are paired 

in S [5]. A set S is called a paired – double 

dominating set if it is a double dominating 

set and < S > contains at least one perfect 

matching. The double domination 

number 𝛾𝑑𝑑(𝐺) is the minimum cardinality 

of double  dominating set of G, the paired –

domination number   𝛾𝑝𝑟 (𝐺)  is the 

minimum cardinality of paired dominating 

set of G  and paired double domination 

number 𝛾𝑝𝑟𝑑𝑑(𝐺) is the minimum 

cardinality  of a paired double dominating 

set of G. 𝑃𝑛⊙𝐾1,𝑚is a graph obtained from 

the path by attaching  𝐾1,𝑚to each of its 

vertices  A Triangular Snake 𝑇𝑛  is obtained 

from a path 𝑢1, 𝑢2, 𝑢3, … . 𝑢𝑛−1, 𝑢𝑛 by 

joining 𝑢𝑖and 𝑢𝑖+1to a new vertex 𝑣𝑖 for 

1 ≤ 𝑖 ≤ 𝑛 − 1.That is every edge of a path 

is replaced by a triangle 𝐶3. An Alternate 

Triangular Snake 𝐴(𝑇𝑛 ) is obtained from a 

path 𝑢1, 𝑢2, 𝑢3, … . 𝑢𝑛−1, 𝑢𝑛 by joining 

𝑢𝑖and 𝑢𝑖+1 (alternatively) to a new vertex 

𝑣𝑖 .That is every alternatively edge of a path 

is replaced by a triangle 𝐶3. 

In this paper, we characterize Paired 

double domination number for degree 

splitting graphs of 𝑃𝑛⊙𝐾1, (𝑃𝑛⊙𝐾1) ⊙

𝐾1,𝑚, 𝑃𝑛⊙𝐾1,𝑚,Triangular Snake, 

Alternate Triangular Snake 

Theorem 1.1. [7] For any path 𝑃𝑛 ,  

𝛾𝑝𝑟𝑑𝑑(𝑃𝑛) = {

2                           𝑖𝑓𝑛 = 2
𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑒𝑥𝑖𝑠𝑡  𝑖𝑓 𝑛 = 3

2 ⌊
𝑛

3
⌋ + 2            𝑜𝑡ℎ𝑒𝑟 𝑤𝑖𝑠𝑒

} 

Theorem 1.2. [7] For any cycle 𝐶𝑛  

𝛾𝑝𝑟𝑑𝑑(𝐶𝑛)= 2⌈
𝑛

3
⌉ 

Theorem 1.3. [7] For any path 𝑃𝑛    , n≠3  ,

𝛾𝑑𝑑(𝑃𝑛)    ≤  𝛾𝑝𝑟𝑑𝑑(𝑃𝑛) 

Theorem 1.4. [7] For any cycle 𝐶𝑛  , 

 𝛾𝑑𝑑(𝐶𝑛)    ≤  𝛾𝑝𝑟𝑑𝑑(𝐶𝑛) 

Theorem 1.5. [7] If n = 3k+2 where k ϵ N, 

then𝛾𝑝𝑟𝑑𝑑(𝑃𝑛) = 𝛾𝑝𝑟𝑑𝑑(𝐶𝑛). 

 

2. Main Results 

Theorem 2.1 

For any integer  𝑛 = 3 𝛾𝑝𝑟𝑑𝑑(𝐷𝑆(𝑃3⊙

𝐾1)) = 6. 

Proof: 

Let {𝑣1, 𝑣2, 𝑣3, 𝑢1 , 𝑢2, 𝑢3 } be the vertices 

of 𝑃3⊙𝐾1 𝑤ℎ𝑒𝑟𝑒 𝑆1 = {𝑢1 , 𝑢2, 𝑢3} and 

𝑆2 = { 𝑣1, 𝑣3} are sets of values of 𝑑𝑒𝑔 1 

and 𝑑𝑒𝑔 2 respeertively. To obtain 

𝐷𝑆(𝑃3⊙𝐾1) from𝑃3⊙𝐾1, we add 𝑥1and 

𝑥2 which corresponds to 𝑆1and 𝑆2 

respectively. Let H be the 𝛾𝑝𝑟𝑑𝑑 set of 

𝐷𝑆(𝑃3⊙𝐾1). Then 𝐻 =

 {𝑣1, 𝑣2, 𝑣3, 𝑥1 , 𝑥2, 𝑢3 } and < 𝐻 > has a 

perfect matching. Hence  𝛾𝑝𝑟𝑑𝑑(𝐷𝑆(𝑃3⊙

𝐾1)) = 6. 

Theorem 2.2 

For any integer  𝑛 ≥ 4 𝛾𝑝𝑟𝑑𝑑(𝐷𝑆(𝑃𝑛⊙

𝐾1)) = {
𝑛 + 3       𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑
𝑛 + 2       𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

}. 

Proof: 

Let {𝑣1, 𝑣2, … . , 𝑣𝑛, 𝑢1, 𝑢2, … , 𝑢𝑛  } 

be the vertices of 𝑃𝑛⊙𝐾1 with partition 

𝑆1 = {𝑢1, 𝑢2, 𝑢3, … . 𝑢𝑛−1, 𝑢𝑛} 𝑆2 =

{ 𝑣1, 𝑣𝑛} and 𝑆3 = { 𝑣2, 𝑣3, … . 𝑣𝑛−1}. To 

obtain 𝐷𝑆(𝑃𝑛⊙𝐾1) from 𝑃𝑛⊙𝐾1, we add  

𝑥1 , 𝑥2  and 𝑥3 which corresponds to 

𝑆1 , 𝑆2 and 𝑆3 respectively. As a result 

𝑉(𝐷𝑆(𝑃𝑛⊙𝐾1)) =  {𝑥1, 𝑥2, 𝑥3, 𝑣1, 𝑣2, 𝑣3, … . 𝑣𝑛−1, 𝑣𝑛, 𝑢1, 𝑢2, 𝑢3, … . 𝑢𝑛−1, 𝑢𝑛}
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 where |V(𝐷𝑆(𝑃𝑛⊙𝐾1))| = 2𝑛 +

3  for 𝑛 ≥ 4. Let H be the 𝛾𝑝𝑟𝑑𝑑 set of 

𝐷𝑆(𝑃𝑛⊙𝐾1) and let 𝐻 =

 {𝑣1, 𝑣2, 𝑣3, … . 𝑣𝑛−1, 𝑣𝑛, 𝑢1, 𝑥1  } and  𝐻2 =

 {𝑥2}. 

Case(i)  𝑛 is odd 

Let 𝐻 = 𝐻1 ∪ 𝐻2. Then < 𝐻 > contains 

𝑎 𝑃𝑛+3 graph and < 𝐻 > has a perfect 

matching. Hence   𝛾𝑝𝑟𝑑𝑑(𝐷𝑆(𝑃𝑛⊙𝐾1)) =

𝑛 + 3. 

Case(ii)  𝑛 is even 

Let 𝐻 = 𝐻1. Then < 𝐻 > contains 

𝑎 𝑃𝑛+2 graph and < 𝐻 > has a perfect 

matching. Hence  

𝛾𝑝𝑟𝑑𝑑(𝐷𝑆(𝑃𝑛⊙𝐾1)) = 𝑛 + 2. 

Theorem 2.3 

For any integer  𝑛 = 3 𝛾𝑝𝑟𝑑𝑑(𝐷𝑆((𝑃3⊙

𝐾1) ⊙ 𝐾1,𝑛)) = 8. 

Proof: 

Let 

{𝑣1, 𝑣2, 𝑣3, 𝑢1 , 𝑢2, 𝑢3, 𝑢11 , 𝑢12, … 𝑢31, 𝑢32, , … 𝑢3,𝑛 } 

be the vertices of (𝑃3⊙𝐾1) ⊙

𝐾1,𝑛 𝑤ℎ𝑒𝑟𝑒 𝑆1 = { 𝑣1, 𝑣3}  , 𝑆2 =

{𝑢1 , 𝑢2, 𝑢3} and 𝑆3 =

{𝑢1,1 , 𝑢1,2, 𝑢3,1, 𝑢3,2, , … 𝑢3,𝑛} are sets of 

vertices of 𝑑𝑒𝑔 2  , 𝑑𝑒𝑔 n+1 and  𝑑𝑒𝑔 1 

respectively. To obtain 𝐷𝑆((𝑃3⊙𝐾1) ⊙

𝐾1,𝑛 from  𝑃3⊙𝐾1, we add 𝑥1, 𝑥2 and 𝑥3 

which corresponds to 𝑆1, 𝑆2   and 𝑆3 

respectively. Let H be the 𝛾𝑝𝑟𝑑𝑑 set of 

𝐷𝑆((𝑃3⊙𝐾1) ⊙ 𝐾1,𝑛). Then 𝐻 =

 {𝑣1, 𝑣2, 𝑣3, 𝑢1 , 𝑢2, 𝑢3 , 𝑥3, 𝑢3,𝑛 } and <

𝐻 > has a perfect matching. 

Hence𝛾𝑝𝑟𝑑𝑑(𝐷𝑆((𝑃3⊙𝐾1) ⊙ 𝐾1,𝑛) = 8. 

Theorem 2.4 

For any integer  𝑛 ≥ 4 𝛾𝑝𝑟𝑑𝑑(𝐷𝑆((𝑃𝑛⊙

𝐾1) ⊙ 𝐾1,𝑚)) = 2𝑛 + 2. 

Proof: 

Let 

{𝑣1, 𝑣2, … , 𝑣𝑛, 𝑢1, 𝑢2, … . , 𝑢𝑛 , 𝑢1,1 , 𝑢1,2, . . 𝑢𝑛,1, 𝑢𝑛2, , … 𝑢𝑛,𝑚 }

 be the vertices of (𝑃𝑛⊙𝐾1) ⊙

𝐾1,𝑛 with partition 𝑆1 =

{  𝑢1,1 , 𝑢1,2, … , 𝑢𝑛,1, 𝑢𝑛,2, … 𝑢𝑛,𝑚} , 𝑆2 =

{𝑢1, 𝑢2, … . , 𝑢𝑛}, 𝑆3 = { 𝑣1, 𝑣𝑛} and 𝑆4 =

{ 𝑣2, 𝑣3, … . 𝑣𝑛−1}. To obtain 𝐷𝑆((𝑃3⊙

𝐾1) ⊙ 𝐾1,𝑛 from  (𝑃𝑛⊙𝐾1) ⊙ 𝐾1,𝑛, we 

add 𝑥1, 𝑥2 , 𝑥3 and 𝑥4 which corresponds to 

𝑆1, 𝑆2   , 𝑆3 and 𝑆4 respectively. As a 

result,𝐷𝑆 ((𝑃𝑛⊙𝐾1) ⊙ 𝐾1,𝑚) =

{𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑣1… , 𝑣𝑛, 𝑢1, 𝑢2, … . , 𝑢𝑛 ,

𝑢1,1 , 𝑢1,2, . . 𝑢𝑛,1, 𝑢𝑛,2, , … 𝑢𝑛,𝑚 } .Let H be 

the 𝛾𝑝𝑟𝑑𝑑 set of  𝐷𝑆((𝑃𝑛⊙𝐾1) ⊙ 𝐾1,𝑚). 

Then 𝐻 =

{𝑥1, 𝑢𝑛,𝑚, 𝑣1, . . , 𝑣𝑛, 𝑢1, 𝑢2, … . , 𝑢𝑛  }. and <

𝐻 > has a perfect matching. 

Hence𝛾𝑝𝑟𝑑𝑑(𝐷𝑆((𝑃𝑛⊙𝐾1) ⊙ 𝐾1,𝑚) =

2𝑛 + 2. 

Theorem 2.5 

For any integer  𝑛 = 3 𝛾𝑝𝑟𝑑𝑑 (𝐷𝑆(𝑃3⊙

𝐾1,𝑛)) = 6. 

Proof: 

Let 

{𝑣1, 𝑣2, 𝑣3, 𝑢1,1 , 𝑢1,2, … 𝑢3,1, 𝑢3,2, , … 𝑢3,𝑛 } 

be the vertices of (𝑃3⊙𝐾1,𝑛) 𝑤ℎ𝑒𝑟𝑒   𝑆1 =

{𝑢1,1 , 𝑢1,2. . , 𝑢3,1, 𝑢32, , … 𝑢3𝑛} and 𝑆2 =

{ 𝑣1, 𝑣3} are sets of vertices of 𝑑𝑒𝑔 1 and  

𝑑𝑒𝑔 n+1 respectively. To obtain 𝐷𝑆(𝑃3⊙

𝐾1,𝑛) from  𝑃3⊙𝐾1,𝑛, we add 𝑥1 and 𝑥2 
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which corresponds to 𝑆1 and 𝑆2 

respectively. Let H be the 𝛾𝑝𝑟𝑑𝑑 set of 

𝐷𝑆(𝑃3⊙𝐾1,𝑛). Then 𝐻 =

{𝑣1, 𝑣2, 𝑣3, 𝑥1 , 𝑥2, 𝑢3,𝑛 } and < 𝐻 > has a 

perfect matching. Hence 𝛾𝑝𝑟𝑑𝑑 (𝐷𝑆(𝑃3⊙

𝐾1,𝑛)) = 6. 

Theorem 2.6 

For any integer  𝑛 ≥ 4 𝛾𝑝𝑟𝑑𝑑 (𝐷𝑆(𝑃𝑛⊙

𝐾1,𝑚)) = {
𝑛 + 3   𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑
𝑛 + 2   𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

}. 

Proof: 

Let 

{𝑣1, 𝑣2, … , 𝑣𝑛, 𝑢1,1 , 𝑢,12 , . . 𝑢𝑛,1, 𝑢𝑛,2, , … 𝑢𝑛,𝑚 } 

be the vertices of (𝑃𝑛⊙

𝐾1,𝑚)  𝑤𝑖𝑡ℎ 𝑝𝑎𝑟𝑡𝑖𝑡𝑖𝑜𝑛 𝑆1 =

{  𝑢1,1 , 𝑢1,2, . . 𝑢𝑛,1, 𝑢𝑛,2, , … 𝑢𝑛,𝑚} , 𝑆2 =

{ 𝑣1, 𝑣𝑛} and 𝑆3 = { 𝑣2, 𝑣3, … . 𝑣𝑛−1}. To 

obtain 𝐷𝑆(𝑃𝑛⊙𝐾1,𝑚) from (𝑃𝑛⊙

𝐾1,𝑚), we add 𝑥1, 𝑥2 and 𝑥3 which 

corresponds to 𝑆1, 𝑆2   and 𝑆3 respectively. 

As a result, 𝐷𝑆(𝑃𝑛⊙𝐾1,𝑚) =

{𝑥1, 𝑥2, 𝑥3, 𝑣1… , 𝑣𝑛 , 𝑢1,2, . . 𝑢𝑛,1, 𝑢𝑛,2, , … 𝑢𝑛,𝑚 }

. Let H be the 𝛾𝑝𝑟𝑑𝑑 set of   𝐷𝑆(𝑃𝑛⊙𝐾1,𝑚). 

Then 𝐻 1 =

{𝑥1, 𝑢1,1, 𝑣1, . . , 𝑣𝑛, 𝑢1, 𝑢2, … . , 𝑢𝑛  } and  

𝐻 2 = {𝑥 1 }. 

 Case(i)  𝑛 is odd 

Let 𝐻 = 𝐻1 ∪ 𝐻2. Then < 𝐻 > contains 

𝑎 𝑃𝑛+3 graph and < 𝐻 > has a perfect 

matching. Hence 𝛾𝑝𝑟𝑑𝑑 (𝐷𝑆(𝑃𝑛⊙

𝐾1,𝑚)) = 𝑛 + 3. 

Case(i)  𝑛 is even 

Let 𝐻 = 𝐻1. Then < 𝐻 > contains 

𝑎 𝑃𝑛+2 graph and < 𝐻 > has a perfect 

matching. Hence  

𝛾𝑝𝑟𝑑𝑑 (𝐷𝑆(𝑃𝑛⊙𝐾1,𝑚)) = 𝑛 + 2. 

Theorem 2.7 

For any integer  𝑛 ≥ 3  𝛾𝑝𝑟𝑑𝑑(𝐷𝑆(𝐴𝑇𝑛)) =

 

{
 
 

 
 4 (

𝑛

3
) + 2   𝑖𝑓 𝑛 ≡ 0 (𝑚𝑜𝑑 3)

4 ⌊
𝑛

3
⌋ + 2   𝑖𝑓 𝑛 ≡ 1 (𝑚𝑜𝑑 3)

4 ⌈
𝑛

3
⌉ + 2  𝑖𝑓 𝑛 ≡ 2 (𝑚𝑜𝑑3) }

 
 

 
 

. 

Proof: 

Let  

{𝑣1, 𝑣2, 𝑣3, … . 𝑣2𝑛, 𝑢1, 𝑢2, … . 𝑢𝑛−1, 𝑢𝑛  } be 

the vertices of 𝐴𝑇𝑛 with partition 𝑆1 =

{ 𝑣1, 𝑣𝑛, 𝑢1, 𝑢2, … . 𝑢𝑛−1, 𝑢𝑛} and 𝑆2 =

{ 𝑣2, 𝑣3, … . 𝑣𝑛−1}. To obtain 𝐷𝑆(𝐴𝑇𝑛) from 

𝐴𝑇𝑛, we add  𝑥1 , and  𝑥2  which 

corresponds to 𝑆1 and 𝑆2 respectively. As a 

result, 𝐷𝑆(𝐴𝑇𝑛) =

{𝑥1, 𝑥2, 𝑣1, 𝑣2, 𝑣3, … . 𝑣2𝑛, 𝑢1, 𝑢2, … . 𝑢𝑛−1, 𝑢𝑛 } 

where |𝑉 (𝐷𝑆(𝐴𝑇𝑛))| = 3𝑛 + 2 for  𝑛 ≥ 3. 

Let  𝐻1 = {𝑣𝑖, 𝑖 ≡ 1,2 (𝑚𝑜𝑑3)} , 𝐻2 =

 {𝑣𝑛−1}  and  𝐻3 = {𝑥1} . 

Case(i)  𝑛 ≡ 0 (𝑚𝑜𝑑3) 

Then 𝐻 = 𝐻1 ∪ 𝐻2  ∪ 𝐻3. Thus < 𝐻 > 

contains 𝑎 𝑃6 graph and (
2𝑛−6

3
)𝑃2  graph 

and < 𝐻 > has a perfect matching.  

Hence 𝛾𝑝𝑟𝑑𝑑(𝐷𝑆(𝐴𝑇𝑛)) = 6 + 2 (
2𝑛−6

3
) =

4 (
𝑛

3
) − 4 + 6 = 4 (

𝑛

3
) + 2. 

Case(ii)  𝑛 ≡ 1 (𝑚𝑜𝑑3) 

Then 𝐻 = 𝐻1 ∪ 𝐻3.Thus < 𝐻 > contains  

(
2𝑛+1

3
)𝑃2  graph and < 𝐻 > has a perfect 

matching. Hence 𝛾𝑝𝑟𝑑𝑑(𝐷𝑆(𝐴𝑇𝑛)) =

2 (
2𝑛+1 

3
) = 4 (

𝑛

3
) +

2

3
= 4(

𝑛

3
) +

2

3
−
4

3
+

4

3
= 4(

𝑛−1

3
) +

6

3
= 4 ⌊

𝑛

3
⌋ + 2. 

Case(iii)  𝑛 ≡ 2 (𝑚𝑜𝑑3) 
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Then 𝐻 = 𝐻1 ∪ 𝐻3.Thus < 𝐻 > 

contains   𝑎 𝑃4 graph  (
2𝑛−4

3
)𝑃2  graph and 

< 𝐻 > has a perfect matching. 

Hence 𝛾𝑝𝑟𝑑𝑑(𝐷𝑆(𝐴𝑇𝑛)) = 4 + 2 (
2𝑛−4

3
) =

4 (
𝑛

3
) + 4 −

8

3
= 4(

𝑛+1

3
) + 2 = 4 ⌈

𝑛

3
⌉ + 2. 

Theorem 2.8 

For any integer  𝑛 = 2  𝛾𝑝𝑟𝑑𝑑(𝐷𝑆(𝑇2)) =

4.  

Proof: 

Let {𝑣1, 𝑣2, 𝑣3, 𝑢1, 𝑢2  } be the 

vertices of 𝑇2 𝑤ℎ𝑒𝑟𝑒   𝑆1 =

{ 𝑣1, 𝑣3 , 𝑢1, 𝑢2} are sets of vertices of 𝑑𝑒𝑔 

1. To obtain 𝐷𝑆(𝑇2) from  𝑇2 we add 𝑥  

which corresponds to 𝑆 respectively. Let H 

be the 𝛾𝑝𝑟𝑑𝑑 set of 𝐷𝑆(𝑇2). Then 𝐻 =

 {𝑣1, 𝑣2, 𝑣3, 𝑥 } and < 𝐻 > has a perfect 

matching. Hence 𝛾𝑝𝑟𝑑𝑑(𝐷𝑆(𝑇2)) = 4 . 

Theorem 2.9 

For any integer  𝑛 ≥ 3  𝛾𝑝𝑟𝑑𝑑(𝐷𝑆(𝑇𝑛)) =

 

{
 
 

 
 2 (

𝑛

3
) + 2   𝑖𝑓 𝑛 ≡ 0 (𝑚𝑜𝑑 3)

2 ⌊
𝑛

3
⌋ + 2   𝑖𝑓 𝑛 ≡ 1 (𝑚𝑜𝑑 3)

2 ⌈
𝑛

3
⌉ + 2  𝑖𝑓 𝑛 ≡ 2 (𝑚𝑜𝑑3) }

 
 

 
 

. 

Proof: 

Let  

{𝑣1, 𝑣2, 𝑣3, … . 𝑣𝑛+1, 𝑢1, 𝑢2, … . 𝑢𝑛−1, 𝑢𝑛  } 

be the vertices of 𝑇𝑛 with partition 𝑆1 =

{ 𝑣1, 𝑣𝑛+1, 𝑢1, 𝑢2, … . 𝑢𝑛−1, 𝑢𝑛} and 𝑆2 =

{ 𝑣2, 𝑣3, … . 𝑣𝑛−1}. To obtain 𝐷𝑆(𝑇𝑛) from 

𝑇𝑛, we add  𝑥1 , and  𝑥2  which corresponds 

to 𝑆1 and 𝑆2 respectively. As a result, 

𝐷𝑆(𝑇𝑛) =

{𝑥1, 𝑥2, 𝑣1, 𝑣2, … . 𝑣𝑛+1, 𝑢1, 𝑢2, … 𝑢𝑛 } 

where |𝑉 𝐷𝑆(𝑇𝑛)| = 2𝑛 + 1 for  𝑛 ≥ 3. Let  

𝐻1 = {𝑣𝑖 , 𝑖 ≡ 1,2 (𝑚𝑜𝑑3)} , 𝐻2 = {𝑣𝑛}  

and  𝐻3 = {𝑥1} . 

Case(i)  𝑛 ≡ 0 (𝑚𝑜𝑑3) 

Then 𝐻 = 𝐻1 ∪ 𝐻3. Thus < 𝐻 > contains 

𝑎 𝑃4 graph and (
𝑛−3

3
)𝑃2  graph and < 𝐻 > 

has a perfect matching.  

Hence 𝛾𝑝𝑟𝑑𝑑(𝐷𝑆(𝑇𝑛)) = 4 + 2 (
𝑛−3

3
) =

2 (
𝑛

3
) − 2 + 4 = 2 (

𝑛

3
) + 2. 

Case(ii)  𝑛 ≡ 1 (𝑚𝑜𝑑3) 

Then 𝐻 = 𝐻1 ∪ 𝐻3.Thus < 𝐻 > contains  

(
𝑛−1

3
+ 1)𝑃2  graph and < 𝐻 > has a 

perfect matching. Hence 𝛾𝑝𝑟𝑑𝑑(𝐷𝑆(𝑇𝑛)) =

2 (
𝑛−1 

3
+ 1) = 2 (

𝑛−1

3
) + 2 = 2 ⌊

𝑛

3
⌋ + 2. 

Case(iii)  𝑛 ≡ 2 (𝑚𝑜𝑑3) 

Then 𝐻 = 𝐻1 ∪ 𝐻2  ∪ 𝐻3. Thus < 𝐻 > 

contains   𝑎 𝑃6 graph  (
𝑛−5

3
)𝑃2  graph and 

< 𝐻 > has a perfect matching. 

Hence 𝛾𝑝𝑟𝑑𝑑(𝐷𝑆(𝑇𝑛)) = 6 + 2 (
𝑛−5

3
) =

2 (
𝑛−5

3
+ 2) + 2 = 2 (

𝑛+1

3
) + 2 = 2 ⌈

𝑛

3
⌉ +

2. 
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